Question
Find the Green’s function for the following boundary value problem

y'+y=f(x); y(0)=0, y(b)=0

What happens in the case b = nm where n is an integer?
Use the Green’s function to obtain the solution to

T

Answer

y' +y=0 y0)=0; yb) =0.

Solution is y = Asinx + Bcosx

We want solutions ! Ei; which vanishes when i 8
) =
Yo is given by ys(x) = sinzx
For y; we choose A and B so that
0 = Asinb+ Bcosbh
Let A=cosb and B = —sinb
Then ys(x) = sinxcosb— coszsinb
= sin(z — b)
so y; = sin(z—Db)
Yo = sinx
’ Y1 Yo sin(x —b) sinz
(TATA cos(x —b) cosz
= sin(z — b) cosx — cos(z — b) sinx
= sin(z —b— 1)
= sin(—b)
= —sinb
: _ W(s) -
Now G(z,s) = y1(2)y(s)
0<s<z<b
W(s)



sin(s — b) sin(x)

in(0) 0<zr<s<b
o ~ —sin
So in this case: G(z,s) = sin(x — b) sin(s) NP
— sin(b) - T T

If b = nn then sinb = 0 and G(z, s) is not well defined by the above.
This is because there is no non-trivial solution to the boundary value problem
y" +y = 0 subject to y(0) =0 and y(n7) =0

If b= 7 then sin(3) = 1 and sin(z — §) = —cosx

= B cosssin(z) x <s

So G(z,5) = { coszsins s<uz

so that y(z) = / cosxsins - sds + /a(sin x)(cos s)sds
0 T

Now we integrate by parts:

x x
/(Sins)sds = [—coss-s]§+/ cos s ds
0 0
= —xcosT+sinw
s s
3 . . 3
(coss)sds = [sin-s|z — [ sinsds
x x
7T .
= — —xsinz —cosx
2
2 . T . .9 .
Y = —XICOS x+81nxcosx+§s1nx—x81n T — CcOSTSINT
m .
= —$+§Slnx

NOTE: there is a sign error in this answer, but not sure where.



