Question
Find the Green’s function for the following equations and use it to solve the
corresponding initial-value problems

2
(a) v +2y — 8y =2e*"; y(0)=1, 2/ (0)= -
) vV +2y+y= e2e; y(0) =0, 3(0)=0
(c) 2y =3y =42 —6; y(1)=0, ¢y (1)=1
Answer

2
(a) ¥+ 2y — 8y = 2¢37; y(0)=1, ¢(0)= -2

The homogeneous equation is:

y”+2y/_8y —
AE. m*42m—-8 = 0
(m+4)(m-2) = 0

ypo=e Yo = ¥

Looking at the Wronskian:
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G(z,t) = yl(t)yQ(fcav—(gl(x)yz(t) _ % (250 — e460)

Solution of y” + 2y’ — 8y = 0 satisfying y(0) = 1, ¥'(0) = —

y(z) = Ae ™ + Be*® y0)=1 = A+B=1
— —4x T _ 2 _ _ 2
y'(r) = —4Ae " +2Be** y/(0) = -2 = —4A+4+2B= -2
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So the solution to y” 4 2y’ — 8y = 2¢3” is:
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= Gz, t)R(t)dt + —e ¥ + —e**
y = [ GlaR@d+ e+ e
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(b) ¥ +2y +y=¢e*; y(0)=0, y'(0)=0

The homogeneous equation is:

v '+ 2 +y = 0
AE. m*+2m+1
(m+1)* =

m = —1 twice

y=e" Yo
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Looking at the Wronskian:
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W = =e

G = VOO _ (o

Solution of y” + 2y + y = 0 satisfying y(0) = 0, ¥’(0) = 0 is y(x) = 0
(for all z)

Solution of y" + 2y + y = €% is:
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ylx) = G(z,t)R(t) dt

(we"e —te ") dt
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The homogeneous equation is:

Iy// _ Sy/ — O
= 2%y —3zy = 0
so Euler type equation
Let y = 2.
K(K-1)—-3K = 0
= K>—4K = 0
K(K—-4) = 0
K=0 or K=4
so y =z Yo =1
Looking at the Wronskian:
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W = 43 0 ‘ = —4x
t - t tt—at I
Glo.t) = n()ya(x) — ya(@)ya(t) z\ _1 (2%
W (t) — 413 1\ 13
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Solution of y" — —y' = 0 satisfying y(1) =0, y'(1) =1 is
T
y(r)=A+Bz* y(1)=0 = A+B=0
y(r)=4Bz® ¢y (1)=1 = B:%:>A:—
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Solution of y" — —y' =4 — — is: (N.B. coefficient of 3" is 1)
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y = /mG(:c t)R(t)dt—i—i—ix‘l
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= 2?4204+ -2t—>
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