Question

Let T be a triangle with angles «, (8, and 7. Let a be the hyperbolic
length of the side of T opposite the vertex with angle «, and let b be
the hyperbolic length of the side of T" opposite the vertex with angle (.
Prove that tanh(b) = sinh(a) tan((), that sinh(b) = sinh(c)sin(/3), and that
tanh(a) = tanh(c) cos(3).

Answer

sinh(a)  sinh(b)

ks sin(a)  sin(3)

lcII cos(f3) = — cos(a) cos(5) + sin(a) sin(F) cosh(b)
from lIs: sinh(b) = w
o _ sinh(a)sin(g) |
use Icll: sinh(b) = cos(3)/cosh(D) sinh(a) cosh(b) tan(/3)
So tanh(b) = sinh(a) tan(3) as desired. (x)
_sinh(c)

e sinh(b) = sinh(c) sin(f) = sin(8) (With 7= g)

sin(9)
immediately from ls.

e from above (x): tanh(b) = sinh(a) tan(5)
from ls and lclI:
cosh(c) = cot(a) cot(f)

(with v = g and using
cos(y) = — cos(a) cos(3) + sin() sin(3) cosh(c))

sinh(a)
sinh(«)

sinh(c) =



sinh(a)

tanh(c) = sin(a) - tan(av) tan(B)
' |
= sinh(a) - tan(f) - cos(a)
and so
tanh(c) cos(a) sinh(a) tanh(/3)

; tanh(b)

(from (%)) (as desired)




