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MA101 Calculus - Outline Notes: Leibniz Theorem 

Leibniz’ Theorem is concerned with a formula for differentiating a product n times. It involves the Binomial Coefficients from Pascal’s Triangle.

Let 

 If we start off by differentiating this product three times and collecting terms the pattern becomes apparent.




This generalises to give

Leibniz Theorem  If the functions 

are both differentiable n times then the product is differentiable n times and




Proof

The proof is by mathematical induction. The result is true for 

 as that is just the ordinary product rule. If the result is true for n then we can differentiate both sides to give




We now collect like terms together and use relationships among the binomial coefficients. In the first line of the equation above we use:




and in the third line we use the relationship




All these relationships can be verified using the factorial expressions for the binomial coefficients. Combining terms in this way therefore gives




which is the result with n replaced by 


This completes the proof of the result by mathematical induction.

Example 1   

Find a formula for the n-th derivative of 


Let 

 Notice that for g the third and subsequent derivatives are all zero, so that we only need to consider the first three terms in Leibniz’ formula. We shall use the formula for the n-th derivative of 

 which we obtained in the lecture. So we have from Leibniz’ formula
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