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MA101 Calculus - Outline Notes: Implicit Differentiation

This topic is discussed in section 2.9 of Adams

Sometimes we are not given y as a function of x explicitly, but instead have some implicit relation which involves them both. The equation which connects them may be too complicated to solve for y in terms of x, but we still want to find 
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Example 1

Find the gradient 
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 at the point (2,3) on the curve 
[image: image3.wmf].
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If we consider a part of the curve in the neighbourhood of the point (2,3) we can see that such an arc is the graph of a function of x, which we shall denote by 
[image: image4.wmf]).
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The whole graph is not a graph of a function of x because there are vertical lines which cut the graph more than once, as the diagram illustrates.   This point is discussed in more detail in Example 2 on page 150 in Adams.

The function 
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 therefore satisfies the equation 
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 We therefore need to use the Chain Rule to differentiate the left hand side, together with the product rule for the xy term. Using the chain rule to differentiate the third term on the left hand side gives

 
[image: image7.wmf].

)]

(

[

3

)]

(

[

2

3

dx

dy

x

y

x

y

dx

d

´

=


Differentiating the whole equation therefore gives 
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We now rearrange this equation to find 
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dx

dy

 

You can verify the algebra to obtain  
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 So the gradient at the point (2,3) is found by substituting these values in the expression for 
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 giving zero. If we look at the graph above we can see that the tangent line at the point (2,3) appears as if it will be parallel to the x-axis.

Example 2

Given 
[image: image12.wmf]),
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 find 
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 in terms of x and y.

We apply the chain rule to this equation to give
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The left hand side needs the product rule, so we get
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We need to collect all the terms involving the derivative on one side, so
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provided the denominator is not zero.

Note that substituting arbitrary values of x and y in this equation is meaningless. The point 
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 has to satisfy the original equation in order to be able to interpret 
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 as the gradient at a point on the curve.
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