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MA101 Calculus - Outline Notes: Higher Partial Derivatives

We can of course differentiate expressions more than once, just as with ordinary derivatives. The various notations are given on page 715 of Adams. It is particularly important to notice the significance of the order of the variables in "mixed" partial derivatives, so that
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 There is no a priori reason to suppose that these will be the same, and exercise 16 on page 720 provides an example where they are different. In many cases however they will be equal, and the statement of Theorem 1 on page 716 explains sufficient conditions for equality. As with many things, exceptions often occur where there are zero denominators.

Example 1

Let 
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 We than have 
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Now f  is symmetric in x and y, so we can write down without calculation 


[image: image7.wmf](

)

(

)

(

)

(

)

(

)

.

exp

2

4

2

exp

2

2

exp

2

exp

2

2

2

2

4

2

2

2

2

2

2

2

2

2

2

2

2

y

x

y

y

x

x

y

x

yx

yx

y

x

y

f

y

y

f

yx

y

x

y

f

+

=

´

+

´

´

=

÷

÷

ø

ö

ç

ç

è

æ

¶

¶

¶

¶

=

¶

¶

´

=

¶

¶


Calculating a mixed derivative gives
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To calculate 
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 we simply have to interchange x and y because of the symmetry of f. We note then that the expression for 
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 is itself symmetrical in x and y and so 
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Harmonic Functions

Many physical quantities such as electromagnetic fields satisfy equations involving second order partial derivatives. One of the most important is Laplace's Equation, which for a function of two variables is 
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 and in 3 dimensions in Cartesian co-ordinates is  
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Functions satisfying Laplace's Equation are called Harmonic Functions.

Example 2

Let 
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 Calculating the partial derivatives gives
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So 
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 is a Harmonic Function.







_1027510842.unknown

_1027511519.unknown

_1027511865.unknown

_1027512017.unknown

_1027512086.unknown

_1027512314.unknown

_1027511912.unknown

_1027511708.unknown

_1027511743.unknown

_1027511641.unknown

_1027511289.unknown

_1027511437.unknown

_1027511067.unknown

_1027510786.unknown

_1027510834.unknown

_1027510758.unknown

