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MA101 Calculus - Outline Notes: Functions of Two Real Variables

The graphical representation of functions of two real variables is discussed in Section 12.1 of Adams. There are plenty of examples and good diagrams.

With a function 
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 of one variable we use 
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 and plot a curve in the x-y plane.

With a function 
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 of two variables we use 
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 and plot a surface in three dimensions using 
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 axes. So the graph of a function 
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 is the set of points in three dimensions defined by 
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Example 1
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The following picture shows part of the surface given by 
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Example 2

The equations 
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 each define a plane perpendicular to one of the co-ordinate axes (parallel to one of the co-ordinate planes. So 
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 is the plane which is perpendicular to the z-axis, and therefore parallel to the x-y plane, and which intersects the ​z-axis at the point 
[image: image11.wmf]).
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It is difficult to visualise surfaces from their equations. This is largely unfamiliarity, and since we are more familiar with graphs in 2 dimensions we shall take various cross sections of a surface, which will be 2 dimensional curves, and try to piece together the information to form an overall picture of the surface. Fortunately we also have computer graphics available, and we can use MAPLE to explore such plots. All the diagrams in this section were produced using MAPLE.

Contours

Just as on a geographical map, a contour joins up all points of the same height. So if we have a surface given by 
[image: image12.wmf])

,

(

y

x

f

z

=

we find the equations of contours by putting 
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 for various constant values k.

Example 3

Let 
[image: image14.wmf].

)

,

(

2

2

y

x

y

x

f

z

+

=

=

 the contours are given by 
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 which are concentric circles. As k increases the radii get larger. So we have a surface whose horizontal cross sections are circles whose radii increase as the height increases. Clearly there is circular symmetry about the z-axis. If we now consider the cross-section by means of the y-z plane, we put 
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 to give 
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 which is a parabola. This should tell us that we have a parabola rotated about the z-axis to generate the surface. The surface and its contour map are shown below. The heights (values of k) are marked on the contour map.
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Example 4

Let 
[image: image18.wmf].
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 This time the contours have equations 
[image: image19.wmf].
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 You should recognise these from MA103 as hyperbolas. Cross sections perpendicular to the x-axis, given by 
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 have equations 
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 which are "upside down" parabolas. Cross sections perpendicular to the y-axis, given by 
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 have equations 
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 which are parabolas "the right way up". The surface and contour plots are shown below on the next page. MAPLE allows you to rotate a picture on the screen using the mouse, and three separate views of the surface are shown.

[image: image32.png]


[image: image33.png]



Example 5

Consider the surface defined by 
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 Like example 3 there is rotational symmetry about the z-axis. If we take a cross section using the plane 
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 we get 
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 with is like a sine curve but where the intervals between peaks and troughs are not equal. Contours consist of sets of circles. For example the contour at height zero is given by 
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 which corresponds to 
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 i.e. to circles of radius 
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 Some MAPLE pictures are shown below.
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Paths on Surfaces

On the diagram below we have shown some paths on the contour plot from example 3
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On Path 1 we see that the heights are decreasing and so the path is descending. At all points the slope will be negative.

Path 2 is ascending and at all points the slope will be positive.

Path 3 descends until the point A, where it is at a local minimum relative to the path. It then starts to ascend. The slope of the path will be zero at the point A.
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