
Question

State Pappus’ theorem and prove it using vectors.

Answer
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Pappus states that
P,Q,R are collinear.

Let the points have position vectors:

A : αx B : βx C : γx A′ : α′y B′ : β′y C ′ : γ′y

Then P : t = βx− (1− t)γy = sγx + (1− s)β ′y

So tβ = sγ and (1− t)γ ′ = (1− s)β ′.
Solving these gives:

s =
β(γ′

− β′)

γγ′
− ββ ′

1− s =
γ′(γ − β)

γγ′
− ββ ′

So

P :
βγ(β ′

− γ′)

ββ′
− γγ′

x +
β′γ′(β − γ)

ββ′
− γγ′

y

Similarly

Q :
αγ(γ ′

− α′)

γγ′
− αα′

x +
γ′α′(γ − α)

γγ′
− αα′

y

R :
αβ(α′

− γ′)

αα′
− γγ′

x +
α′β′(α− β)

αα′
− ββ ′

y

Thus αα′(ββ ′
− γγ′)P + ββ ′(γγ ′

− αα′)Q + γγ ′(αα′
− ββ ′)R = 0

and αα′(ββ ′
− γγ′) + ββ ′(γγ ′

− αα′) + γγ ′(αα′
− ββ ′) = 0

Thus PQR are collinear.
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