Question

In this question you must assume zero dividend yields, ¢ = 0.

Show that V = a5, where a does not depend on S or ¢, is a solution of the
Black-Scholes equation.

Let C(S,t;Ty, K) denote the Black-Scholes value of a European vanilla call
option with strike K and expiry T; at time ¢ and spot price S. Show that
the value of an “at the money” call is proportional to the spot (or strike).
A (European) forward-start call is a call option whose strike is not known at
the start of the contract but, rather, is agreed to be the spot price Sy a given
time Tj prior to expiry 7). The option can not be exercised prior to expiry
.

Show that the value v of a European forward-start call option is given by

o asS if t < T(),
VSt = { C(S,t:T1,S)) it Ty <t<T

where Sy is the spot price at time T and « is a function, which you should
determine, which depends only on 7} — Tp, o and 7.
Briefly justify the A-hedging strategy implied by this price for t < Tj,.



Answer
BS equation is V; + 50252\/55 +rSVg—rV =0
fV=aSV,=0, Vss =0, Vg =1, so we get

1
Vi + 502521/35 +7rSVs— RV =rS—rS=0

= .5 is a solution.
Value of call is

C = SN(dy) — Ke "YU N(dy)
where
log(S/K) + (r + 10*)(T — t)
oVl —t
d2 = dl—O'\/T—t
At the money means, K = S hence log(K/S) = 0 and
di = di(T,t), dy=do(T,t)

¢ = K<N(d1 (T7 t)) o e_T(T_t)N(dZ (Ta t))
x K
Suppose Sy is the spot price at T. For t > Ty we know the strike, it is K 4.5
and hence

d1:

} or replace K by S

V(Sa t) = 0(87 t; T17 SO)
At time t = T, we have
V(S(), T(]) == SoOé(Tl,TQ) == OéSO

Now solve the BS equation back from ¢ = Tj, i.e. solve
1
Vi + 502521/35 +rSVsg —rV =0,

V(S, To) =as

= V(S,t) = aS for t < Ty
« is given by substituting K = Sy, t = Ty into usual formula for a call, i.e.

oms [y (AT

(=) 7 <(T - %02>(T1 - TO))}
o1 — Ty
The A hedging strategy is to hold « assets up to Ty, where « is the number
of assets you need to hedge the at-the-money call into which the option turns
at Tp. i.e. You know that at Ty you will need « assets, so you hold them
from time t = 0.




