Question

Show that the Black-Scholes equation remains invariant under the scaling
S" = aS where o > 0 is a constant.

A put option with strike K is written on an asset which pays out on a single,
discrete yield ¢ at time t; < T, where T is the expiry date of the put.
Explain why the spot price jumps from S to (1 — ¢)S as the dividend date
is crossed, but the option price remains continuous. Denote the option price
by P(S,t; K, T).

Let Pps(S,t; K,T) denote the usual Black-Scholes value for a put option on
an asset which pays no dividends and has strike K, expiry 1. Show that

Pps(S,t; K,T) ifty<t<T,

P(S,t K,T) = { (1—q)Pps(S.t: K/(1—q),T) if0>t<tq



Answer
Irrelevant whether they do this assuming ¢ = 0 or g # 0.
For ¢ =0, BS is
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Now if S’ = a.S we have
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Thus |
Vi + 50'25,2‘/5/5/ = (7" — q)S’st — RV =0

i.e. equation is invariant.

At time t; asset pays out a dividend of ¢S (that is what a dividend yield ¢
means), with certainty. If spot price immediately after ¢4 is not (1 —¢)S we
could arbitrage situation; eg if spot is S > (1 —¢)S after ¢4 - cost is (1 —q)5,

selling yields S > (1 — ¢)S.

If spot is S < (1 —¢q)S after t4, buy asset before ¢4, collect dividend and then

sell for S = risk free profit.

Option doesn’t pay any cash dividends, so must have V (t;) = V(t}).

Write this as

S = ST atty
S = (1-¢)S™ att}
V(87 tg) = V(8. t)
= jump condition
v(S7,tg) = V(ST(1—q).t7) or just
v(S,ty) = V(S(L—q).ty).
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for t > t; we have (since ¢ = 0 if there is only a DISCRETE dividend)
L 5o
‘/;5—1-50 S VSS—TSVS—TVZO,
V(S,T) = max(K — S, 0)
By definition, the solution of this problem is Pgg(S,t; K,T') so
V= PBs<S,t; K, T) for t > tq
Now write jump condition as V(S,t;) = V(S(1 — q),t}) so, at t;
Now consider payoff for Pps((1 —¢q)S,t; K,T),
ie. PBS((l - q)S, T; K, T)
It is
PBS((l - Q>S7 T; K7 T) = maX(K - (1 - Q)S, 0)
K
—5,0)
—q

= (1 —g)max(y

Hence, since BS is invariant under S — (1 — )9S, is linear problem for
V(S,1), t <ty is equivalent to

1
Vi + 502521/55 +rSVs —rV =0,

V(S,T)=(1- q)max(1 K

~S,0)

1.e.

K
V = (1—-q)Pps(S,t; fqﬂﬂ)

1

Hence the result.



