
Vector Fields

Conservative Fields

Question

The function F is given by F = r2 cos θr̂+αrβ sin θθ̂. For what values of the
constants α and β is F conservative? For these values find a corresponding
potential.
Answer

As F = r2 cos θr̂ + αrβ sin θθ̂ = ∇φ(r, θ) we must have

∂φ

∂r
= r2 cos θ,

1

r

∂φ

∂θ
= αrβ sin θ.

⇒ φ(r, θ) =
r3

3
cos θ + C(θ)

and C ′(θ)−
r3

3
=

∂φ

∂θ
= αrβ+1 sin θ.

This can be solved for a function C(θ) which is independent of r if α = −1/3
and β = 2.
In this case, C(θ) = C, with C being a constant. F is conservative is the
two constants α and β have the above stated values. A potential for F is
φ = 1

3
r3 cos θ + C.
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