CONTINUED FRACTIONS
RATIONAL NUMBERS

We now insist that a,, € N for all n. Every finite continued fraction represents
a rational number.

Furthermore every rational number can be represented as a finite continued
fraction, from the Euclidean algorithm.

Now suppose that

1 1
r=ag+—...— rEeQ
a1+ an

If we insist that the last ay is > 1 then this is unique. Otherwise the only
other representation is

R 1 11
r =a —— e -
O a4+ an—1+ (ay —1)+1

Proof
Let = € @ and suppose & = [ag; a; . ..ay] = [bo; b1 ... bu]
Let al, = [an; apy1 - .- an| O, [np; npgr - bag]

So

r = lag;ay...an1,a,] 1 <n<

<N
= [bo;bl...bn_l,b;] 1§7’L§M
Forn < N

, 1
Gy, = ap + ——, (An+1,> 1)
a1

so that we must have a,, = [a/ ]

Similarly for n < M b, = [],]
Now we must have ag = by = [z], so suppose a; = by,...a,_1 = b1
Pn—1 __

S0 Gn_1 [CLO; ce 7an71] = [bo, ... bnfl]

Thus

_ a%pnfl + Pn—2 _ b%pnfl + Pn—2
a;anfl + dn—2 b;lanl + dn—2

Cross multiplying gives

b;—b(pn—Qqn—l - pn—lQn—Q) - a;—b(pn—Qqn—l - pn—l(Jn—Q)

so a,, = U/, since the term in the bracket =(—1)" # 0.
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So, since a,, = [a},] and b, = [b],] a,, = by,.

So a,, = b, for all n, and when one expansion terminates so does the other.
Note that a, = [a;] requires a,, + 1 > 1. If a],,; = 1 then a,, = [a],] — 1 and
an+1 = 1, and the expansion terminates. All previous a, are > 1, otherwise
the expansion would have terminated earlier.

Linear Diophantine Equations.

Because of the ambiguity at the end of the expansion of a rational number,
we can always an expansion [a,;...ay] with N odd.

Let v = ¢. So%:Z—Z

pNaN-1 — qnpn—1 = (1)t =1

1.e.

agn-—1 — bpy—1 =1

Sox = py_1 Yy = qn_1 is a positive integer solution of the equation ax—by = 1
Notice that this shows (Py_1,qn-1) =1

In fact since pogn_1 — @upn_1 = (=1)", (pn, qn) = 1 for any n

So when we “add up” a continued fraction we always obtain the rational
answer in it’s lowest terms.

The following result concerns approximation.

Let a be a real algebraic number of degree n. So

fla) = anoy + an10™ '+ ... +ag=0, a, #0, a; € Z

Now IM,Vz € (a — 1,a + 1)|f'(x)| < M Suppose £ # alpha is an approxi-
mation to «, close enough to be in (aw — 1, + 1), and nearer to « than any
other root of f(x) =0, so f (g) # 0.

’f (2)‘ _ lagp™ + a1p™ tg+ .. .| - 1
q q" q"

since the numerator is a positive integer.

()5 3) - <) o

with £ between % and « so




We have already shown that if « is irrational then there are infinitely many
solutions of

1

e

- -
q

« is said to be approximable to order 2.
Now let o = 0.110001000. .. = 5 + 1o + 13 + - ..
Let ng € N and let n > ng. Let

‘p

p p
Q, —
q

~ 107
be the sum of the first n terms of the series

0 p 1 1
< Q- & ~ 104! + 10(n+2)

IR

2 2 2

< 10(n+1)! < qn+1 < qno

so « is approximable to order ng, for any ny.

Hence « is transcendental.

The theorem above shows that an algebraic number of degree n is not ap-
proximable to order v =n

A Thue  (1901) improved this to v = 5 +1
C L Siegel (1921) improved this to v > minj<s<,—1sen (sﬁ—l + s)
F J Dyson (1947) improved this to v > 2/n
K F Roth  (1955) improved this to v =2+ ¢ for all e > 0

This result is best possible.



