
Question

A particle of mass m moves under the influence of the gravitational force
of a particle of mass M fixed at the origin. Find its equations of motion
in spherical polar coordinates. Show that r2 sin2 θφ̇ is constant during the
motion.

Answer

mr̈ = −
GMm
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Therefore using a in spherical polar coordinates

a = (r̈ − rθ̇2
− r sin2 θφ̇2)rr +

[

1

r

d

dt
(r2θ̇)− r sin θ cos θφ̇2

]

eθ

+
1

r sin θ

d

dt
(r2 sin2 θφ̇)eφ

we find on equating components that

(er) r̈ − rθ̇2 − r sin θφ̇2 = −
GM

r2

(eθ)
1

r

d

dt
(r2θ̇)− r sin θ cos θφ̇2 = 0

(eφ)
1

r sin θ

d

dt
(r2 sin2 θφ̇) = 0

By integrating the eφ equation we obtain r2 sin2 θφ̇ = constant.
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