
Question

Let p = 1 + i and q = 5 + i be two points in H. Let ` be the hyperbolic line
segment joining p to q. Determine the hyperbolic length of `.
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(note that ϕ = π − θ

since Im(p) = Im(q))

The hyperbolic line segment ` joining p = 1 + i to q = 5 + i is contained in
the euclidean circle with center 3 and radius 2, and so can be parametrized
by
f : [θ, π − θ] −→ H, f(t) = 3 +

√
5eit (f(θ) = q, f(π − θ) = p).

Im(f(t)) =
√

5 sin(t)
|f ′(t)| = |

√
5ieit| =

√
5

1



So,

length
H

(f) =
∫ π−θ

θ

1

sin(t)
dt

= ln | csc(t)− cot(t)||π−θθ

= ln
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csc(θ) + cot(θ)

csc(θ)− cot(θ)
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sin(θ) =
1√
5

csc(θ) =
√

5

cos(θ) =
2√
5

cot(θ) = 2

So, lengthH(f) = ln

∣

∣

∣

∣

∣

√
5 + 2√
5− 2

∣

∣

∣

∣

∣

.

2


