Question

The oven in the baking room at the Glen Eyre Baked Bean factory produces
molecules of a noxious gas according to a Poisson process of rate A. Because
of complaint by the workers a catalytic deodorizer has been installed which
neutralizes the gas in the room at a rate of p times the number of molecules
present.

Let p,(t) denote the probability that n such molecules are present at time ¢.
Obtain the forward differential equations for p, ().

Assuming that a long-term equilibrium distribution exists, use the forward
equations to obtain difference equations for the equilibrium probabilities.
Solve these equations and deduce that the equilibrium distribution is a Pois-
son distribution.

The local Health and Safety Executive insists that the baking room should
be totally free of this noxious gas for at least 90% of the time. What does
this imply about the relationship between A and u?

Answer
Note: all o(dt) terms omitted in this ‘solution’.
Let X(t) denote the number of molecules present at time t.
n=0:py(t+0t) = P(X(t+0t)=0]|X(t)=0)po(t)
+P(X(t+dt) =0 | X(t) = 1)p1(t)
= (1= \t)po(t) + (1 — At )udtp (1)
= po(t) — Apo(t)dt + pdtp: (t)
We deduce pf(t) = —Apo(t) + 1 (1
n>0:p,(t+dt) = PX(t+0t)=n]|X(t)=n)p,(t)
+P(X(t+6t)=n| X(t)=n+ 1)py(t)
+P(X(t+dt)=n| X({t)=n—1)p,_1(t)
= [(1 = X6t)(1 — nudt) + Aot - nudt]p,(t)
+[(1 = Adt)(n + 1) udt]pni1(t)
FIE(L — (0 — L)pdt]pn s (1)
= (1= O+ ) 0pa(t) + (n+ ) ibtpnnt
_'_)‘(Stpnfl(t)
We deduce P4(t) = —(A -y )pn(t) + (1 + Dpnss(£) + Apus (1)
Assuming that p,(t)tor, as t — oo then p (t) — 0 as t — oo for all n.
We obtain
0= —Amg+ pmy ie. pum = A
0=—A+nmu)m, + (n+ D)pmg + A



n+Dumpyn = A+np)m, — Am,_y

n=1:2umy = (A+p)m — Amy = Am

n=2:3urs = (A+2u)m — AT = Amo
By induction we can then establish
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This then gives m, = — (—) -
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For this to be a probability distribution Z T, = 1.
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so the equilibrium distribution is Poisson with parameter —.
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The proportion of time for which gases are not emitted is 79 = ¢ ».

A
So we must have e » > 10
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