
Question

Use Stirling’s approximation to show that

Γ(x+ a)

Γ(x+ b)
∼ xa−b, x→ +∞

Answer

Stirling’s formula is Γ(x) ∼
√
2πxx− 1

2 e−x x→ +∞
so substitute directly:

Γ(x+ a)

Γ(x+ b)
∼

√
2π(x+ a)(x+a− 1

2
)e−x−a

√
2π(x+ b)(x+b− 1

2
)e−x−b

x→ +∞

∼
(
x+ a

a+ b

)x

eb−a (x+ a)a−
1

2

(x+ b)b−
1

2

∼
(1 + a

x
)x

(1 + b
x
)x
eb−axa−b (1 +

a
x
)a−

1

2

(1 + b
x
)b−

1

2

Now
(

1 +
a

x

)x

→ ea as x→ +∞ (by definition of ea).

Likewise

(

1 +
b

x

)x

→ eb

Therefore

Γ(x+ a)

Γ(x+ b)
∼

ea

eb
·
eb

ea
xa−b (1 +

a
x
)a−

1

2

(1 + b
x
)b−

1

2

︸ ︷︷ ︸

=
1a− 1

2

1b− 1

2

as x→ +∞

∼ xa−b as x→ +∞

Hence
Γ(x+ a)

Γ(x+ b)
∼ xa−b as x→ + infty as required.
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