
Question

(i) Find the general solution of the equation

d2y

dx2
+ 4

dy

dx
+ 5y = 0.

(ii) Use the result of part (i) to find the solution of

d2y

dx2
+ 4

dy

dx
+ 5y = 2e−3x,

where y = 1 and
dy

dx
= −3 when x = 0.

Answer

(i) Use trial function y = Aekx

⇒
dy

dx
= Akekx,

d2y

dx2
= Ak2ekx

Therefore auxiliary equation is

k2 + 4k + 5 = 0

⇒ k =
−4±

√
16− 20

2

= −2±
2i

2
= −2± i

Therefore general solution is of the form

y = Ae−2x+ix + Be−2x−ix

or

y = e−2x(C cos x + D sinx)

C, D constants
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(ii) This is the same equation as (i) but with forcing term 2e−3x on RHS

Therefore
y = yCF + yPI

where yCF satisfies

d2y

dx2
+ 4

dy

dx
+ 5y = 0

Thus from (i)

yCF = e−2x(C cos x + D sinx)

For yPI try

yPI = Ae−3x

and substitute in full equation

y′
PI

= −3Ae−3x, y′′
PI

= +9Ae−3x

Therefore

9Ae−3x − 4× 3Ae−3x + 5Ae−3x = 2e−3x

⇒ 2Ae−3x = 2e−3x

⇒ A = 1

Therefore
yPI = e−3x

Thus the general solution is

y = e−2x(C cos x + D sin x) + e−3x

Specific solution from boundary conditions:

y = 1, x = 0

⇒ 1 = 1(C + 0) + 1

⇒ C = 0

Therefore y = De−2x sin x + e−3x
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So
dy

dx
= D(−2e−2x sin x + e−2x cos x)− 3e−3x

dy

dx
= −3 when x = 0

⇒ −3 = D(0 + 1)− 3

⇒ D = 0

Therefore y = e−3x is the specific solution.
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