Question

Confirm the solution of Q6 by showing that it is not possible to calculate
the second order derivatives in the Taylor expansion of u(z,y) at the point
corresponding to a. Then calculate the second order Taylor expansion of the
solution about the point (z,y) = (1,0).

Answer
2Upy — DUgy + 2Uyy + Uy —3u =0

(1)  wu(cosf,sinf) = 6 _ B - :

(2) wup(cosf.sinf) = 0 C:(x,y) =(X(0),Y(0)) = (cosf,sinb)
Seek u (from (1)), u, (from (2)), uy, Uy, Uy, Uy, etc. on curveC.
Then use Taylor expansion to find u(x,y) off C' as in notes.

First:

X)) = —sinf , Y(0) = cosf
X)) = —cosf , Y() = —sinb
Differentiate boundary conditions

(1) _

do

Ul X + | Y =1
:>\O/><(— sin @) 4 uy|, cosf =1
from (2)

= Uy|l, =secl (3)

Thus we now know u, u,, u, on C. To find uzy, Ugy, Uy, on C we need 3

equations, the PDE itself is the first:

(4)2 tas| = Unylo + 2 uyylo + talc =3 ulc =0

= 2 Upa| o — Uay|o + 2 Uyl +0—30 =0

O 2 Uy | — Uaylp + 2 Uyl =30 on C (5)

Second equation comes from:

d(2) |
ag . .

Uge| o X+ Uyl Y =0

= — Ugg|SIN0 + Ugy|,cos0 =0 (6)




Third equation comes from

d*(1)
doz
um|CX2 + u$y|CXY + u$|CX
+ “y|CYX + uyy|cY2 + Uy|CY =0
=

Uyy | SIn® 0 — 28060 €08 0 Uyy|, + 0 X (— cos )
4+ Uyl cos” O +secd x (—sinf) =0

= 8in® 6 Uy, | — 2806 €08 6 uyy|, + cos? 0 uyy |, = tant (7)
Thus we have from (5), (6) and 97)

(7)) — sin?f —2sinfcosf cos?d Uzz| o tan ¢
(6) — | —sinf cos 0 0 Upyle | = 0
(5) — 2 5 2 30

A = det()
To solve this we need A # 0.

uyy‘c

A
— o] =20 2]
: —sinf 0 9| —siné cos@
+2sin 6 cos 6 9 9 + cos 0‘ 5 5 ‘

= cosf(5sinfcosf — 2) after algebra

Thus A =0 when cosf =0= 0 = g, —g, etc.
or 5sinf cosf = 2.

1
Now remember that from Q6 o = tan™* 3

PICTURE

= sina = cosaq =

Bl
Sl



1 2
= bsinacosa =5 X — x — = 2(!)

V5 /5

Thus it is not possible to find

Uz | s uwy|C? Uyylc

when # = a = tan~! 2 as found in Q6.
OK, now assume that 0 < 0 < «
Then solutions of (8) are given by Cramer’s rule (see lecture notes)

| | tanf —2sinfcosd cos® 0
Ugy|n = ~ 0 cosf 0
30 =5 2
1 sin.2 6 tanf cos’0
Uzyln = x| 821n6’ 309 g
I sin.?’ 80 —2sin 00008 0 ta(r)l 0
ke = Al S2lrl CSS5 30
=
Ugel = %{tan9| 03850 (2) ‘—FQSin@COS@‘ 309 g ‘
+ cos® 0 309 CiS: ‘ }
Ugy|lr = %{shﬁ& 309 g ‘—2tan9| —s21n0 (2) ‘
+cos?f| s2in 0 308 }
Uyl = % {Sin2 0 CiS: 309 ‘ + 2sin f cos 6 ’ B 821n 0 309 ‘
ttand| 821110 03559 |}
Use|o = %{2 sin ) — 36 cos® 0}
Uyl = taiﬁ{z sin 6 — 30 cos® 0} 9)
Uyylo = taze{f)sinQ—20089—398111960829}

Hence when 0 = 0 <= (z,y) = (1,0)



we have A = cos0(b x0x1—2)=-2

So

=1

—0%«)—0) _—
?(0—0) ~ 0
—(0-2-0) = 0

ox (10)

(212
2 ox? (1.0)

o P
0y?

oz

(1,0)
9%u

+(z— 1)y 900y

(1,0) (1,0)

0+(z—1)x04yx1+0+04+0+---

y + 3rd order terms!




