Question
Consider the two dimensional wave equation,

,0’'u  D*u
C— — — =
ox?  0y?

with Cauchy boundary conditions:

u(a:,O) = f(x)> uy(ajao) = g(l’O.

Recall from lectures that the general solution is given by

ule.g) = 5lf(+ep) + fla—ep) =5 [ g(s)as.

Assuming that f and g are suitably differentiable, calculate the Taylor ex-
pansion of this solution about 9z, y) = (0,0) up to second order,

(i) directly from the exact solution

(ii) by parametrising the given boundary conditions on given curve C :
(z,y) = (X(7),Y (7)) = (7,0).
Confirm that the two agree.

Answer

gy — Uyy =0
(1) u(z,0) = f(z)

(2) uy(x,0) = g(x)

= X(r)=71, Y(r)=0

Data is given on z-axis. Hence C' is parametrised as:
On C': (z,y) = (X(7),Y (7))

X=1 V=0
(?’):{X:o, V=0

(i) Must expand exact solution as Taylor about (0, 0)

u(x,y) = %[f’(a: +cy) + flz —cy)] + 2ic/mcyx + cyg(s)ds
a g %[f’ o i[g@j )~ gl — cy)
=G|, = 3OS0+ 5150 0] = F©



a = [Cf —cf'l+ [ (z 4 cy)+g(x — cy)]
ou 1
= - —(Cf( )—Cf( )]+ 519(0) + g(0)] = g(0)
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Also u(0,0) = 5[ F(O)+FO) + 5 / £(0)
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6x8y:§[cf —cf’ ]+ o leg +egl= 900y g'(0)
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Thus the Taylor expansion around (0, 0) is
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u(z,y) = f(0)+zf'(0)+yg(0)
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(i) Seek uli ), Ual0): Uyloy s Uselio0) s Uaylo0): Uyyl(0) from equation
and boundary data only.

From (1) (0,0) = f(0)
From (2) 1,(0,0) = g(0)
Get u, by differentiating (1) with respect to 7:

d(1 : : .
M) m ekt eV = £X = il = F(2)

Now seek s (g0) Usyliooy» Uyl ete. from 3 equations.

First is PDE itself:

(4) 2 Uz | — Uyl = 0




Second is

% = 'U/yx’CX + uyy|CY =g X = Ugy| o, = ¢'(2) from (3)
Third is from

d*(1)

e

um|c).(2 + uxy|CXY+ ux|CX
+ Uym|CYX + “yy|CY2 + uy]CY = foaX? + fu X
= Upa|o = foo = f7(x) from (3)

Thus we have

(7) — 10 0 Ugy f”
6 — [0 1 0 ( Uy ) = ( g'(z) )
(5) — 0 —1 Uy 0

So A = det() = —1 # anywhere on C so can find solution
Not difficult to solve

Uy = ["(2)
=1 Uy = ¢'(2) (B)
Uy, = f"(x)

Hence expanding about (0,0) we have:

u(z,y) = f(0) (from (1) 4+ xf'(0) (from (A) + yg(0) (from (2)

2 2.2
+ 5 1(0) +2yg (0) + L f(0) 4+

2 2

which is exactly the same as the result of part (i) as required.



