
Question
Prove the standard forms for elliptic, parabolic and hyperbolic second order
linear PDEs with constant coefficients of type

auxx + 2buxy + cuyy = 0

as derived in lectures. Hence check the form of their general solutions given
in lectures.

Answer
Use lecture notes with the transformations

{

ξ = αy + βx

η = γy + δx

where α, β, γ, δ = const

These give rise to

“∂x =
∂

∂x
”→ ∂x =

∂ξ

∂x
∂ξ +

∂η

∂x
∂η = β∂ξ + δ∂η

“∂y =
∂

∂y
” (shorthand) → ∂y =

∂ξ

∂y
∂ξ +

∂η

∂y
∂η = α∂ξ + γ∂η

⇒ ∂2
x = (β∂ξ + δ∂η)

2 = β2∂2
ξ + 2βδ∂

2
ξη + δ2∂2

η

Note: Would have to be more careful if β and δ were not constants
∂2
xy = (β∂ξ + δ∂η)(α∂ξ + γ∂η) = αβ∂2

ξ + (αδ + γβ)∂2
ξη

⇒ ∂2
y = (α∂ξ + γ∂η)

2 = α2∂2
ξ + 2αγ∂

2
ξη + γ2∂2

η

⇒ auxx + 2buxy + cuyy = 0 becomes

(aβ2 + 2bαβ + cα2) + (2aβδ + 2b(αδ + γβ) + 2cαδ)uξη

+ (a∂2 + 2bγδ + cγ2)uηη = 0

3 cases:
(i) hyperbolic : b2 > ac

(ii) parabolic : b2 = ac

(iii) elliptic : b2 < ac











see lecture notes.
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These give (?) as:

(i)
∂2u

∂ξ∂η
= 0⇒ (integrate)

∂u

∂ξ
= p′(ξ)⇒ (integrate)u = p(ξ) + q(η)

(ii)
∂2u

∂η2
= 0⇒ (integrate)

∂u

∂η
= q(ξ)⇒ (integrate)u = p(ξ) + ηq(ξ)

(iii)
∂2u

∂η2
+

∂2u

∂η2
= 0⇒ solutions outlines later in the problem sheet

Remember can treat p(ξ), q(η) etc. as arbitrary functions of ξ, η (cf. con-
stants in ODEs)
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