Question
The plane curve a(t) = (2 + cost,sint) is a circle. The space curve

v(t) = ((2 4 cost) cost, (2 4 cost) sint,sint)

lies on a torus, thought of as being swept out by a as the plane of « is spun
around the z-axis in R’. Show that the curvature of v vanishes at (—1,0,0). Find
the curvature and the torsion of v at the point (3,0,0), and find the equation of
the osculating plane there.

Answer

If w = (a,b) is a unit vector in the (z,y)-plane, then ((2 + ¢)a, (2 + ¢)b, s) is a point
on a circle in the (u,zr)-plane (centre 2u, radius 1).

Thus ~v(t) is on the torus swept out by these circles as ugoes around the unit
circle in the (z,y)-plane.

v (u, 2) plane

A~ i

7Y(t) = (—2sint —sin2t,2cost + cos 2t, cost)
v'(t) = (—2cost—2cos2t,—2sint — 2sin 2t, —sint)

K=0 = m’y"—x”y'zO

i.e. (2sint+sin2t)(—2sint — 2sin2t) = #x2cost + 2cos2t)(2cost + cos 2t)
= —6 = 6(costcos2t+ sintsin 2t)
i.e. —1 = cost
t = 7w (+2nm,neZ)

So curvature vanishes at (—1,0,0) (as C passes through the inner “equator”).

~"(t) = (2sint + 4sin 2t, —2 cost — 4 cos 2t, — cost)
and at (3,0,0) (i.e t = 0) we have

v (0,3,1)
7' = (—4,0,0)
v = (0,-6,—1)
¥ Nny" = (0,—4,12)
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The binomial B is in the direction of v/ N~+", so

1 1
B=——(0,-4,12) = —
V 160( ) V10
Osculating plane is | B so has the equation 0x — y + 3z = constant = 0, since it
contains the point (3,0,0).
So OSC plane is: y = 3z.

(0,—1,3).



