Question
Find the evolute of each curve v, both as (i) the locus of centres of curvature
and (ii) the envelope of the normals:
(a) v(t) = (t —sint, 1 — cost)
(b) v(t) = (2cost + cos 2t,2sint — sin 2t).
Answer

(a)

) = (t—sint,1— cost)
) = (1 —cost,sint)
)
)

= (sint,cost)

t
K(t) = —1/4sin§

Now

=

N(t) = (—sint,1—cost)/(sin®t+ (1cost)?)
= (2—2cost)"7(—sint, 1 — cost)

1 :
= ZSini(_Smt’l — cost)
2

Hence centre of curvature is

v(t) + (K(t))_lN(t) = (t—sint,1 —sint)
2(—sint, 1 — cost)
= (t+sint,—1+ cost)

OR: Equation of normal at ~(¢) is
z(l—c)+ys=(t—s)(1—c)+(1—¢)S=1t(1l—c)
Differentiation with respect to t gives
rs+yc=1—c+ts
Solving for =,y gives

(z,y) = (t +sint, —1 4 cost)

(Observe that the evolute is also a cycloid: put ¢t = 7 + u, and translate by

(ﬂ-v _2)')



(b)

(2cost + cos2t,2sint — sin 2t),
(—2sint — 2sin 2¢,2 cost — 2 cos 2t)
2(—cost —2cos2t, —sint + 2sin 2¢)

hypocycloid

(sint + sin 2t)? + (cost — cos 2t)?

= 2+ 2(sintsin 2t — cost cos 2t)

3t
= 2—2cos3t :4sin25

1
S — i) =

Now
N(t)

so centre of curvature is

() + (K ()N (1)

(—sint — sin 2t)(—sint + 2sin 2t)
+(cost — cos 2t)(cost + 2 cos 2t)

1 — 2 —sintsin 2t + cost cos 2t

3t
—(1 — cos 3t) = —2sin? 5

3
—4 sin® ﬁ/ <4 sin %>
2 2
3t
—1/16sin 5

———;(—cost + cos2t, —sint — sin 2t),

4sm§

= (2cost+ cos2t,2sint — sin 2t)
—4(— cost 4 cos 2t, —sint — sin 2t)
= 3(2cost — cos2t,2sint + sin 2t)

Which we see is another hypocycloid, = —3 x y(t + 7).

OR: Equation of normal at ~(¢) is

—z(sint + sin 2t) 4+ y(cost — cos 2t) = - --

= —3sin 3t

Differentiate with respect to ¢ to give

—x(cost + 2cos2t) + y(—sint + 2sin 2t) = —9 cos 3t

’Solving’ for z,y gives (eventually)

(x,y) = 3(2cost — cos 2t,2sint + sin 2t)



