
Question

Compute the coefficients in the perturbation series solution of the equation

y′ = y + εxy, y(0) = 1

Answer

y′ = y + εxy, y(0) = 1
Try y(x; ε) = y0(x) + εy1(x) +O(ε2) =

∑∞
n=0 ynεn

Substitute into equation:

∞
∑

n=0

(yn′εn − ynεn) = ε
∞
∑

n=0

xynε
n

Balance at O(εn):
n = 0 : y′0 − y0 = 0⇒ y0 = Aex

Boundary condition: y0(0) = 1⇒ 1 = Ae0 ⇒ A = 1⇒ y0 = ex

n > 0 : y′
n
− yn = xyn−1

e.g.,

n = 1 :

y′1 − y1 = xex

⇒
d

dx

(

e−xy1

)

= x

⇒ e−xy1 =
x2

2
+ c

y1 =
x2

2
ex + cex

Boundary condition: y1(0) = 0
0 = 0 + cex ⇒ c = 0

Therefore y1 =
x2

2
ex

then n = 2 :

y′2 − y2 =
x3

2
ex

⇒
d

dx

(

e−xy2

)

=
x3

2

⇒ e−xy2 =
x4

8
+ c

y2 =
x4

8
ex + cex

Boundary condition: y290) = 0⇒ c = 0

Therefore y2 =
x4

8
ex

Spot the pattern.
In general:

1



y′
n
− yn =

x2n−1ex

2n−1(n− 1)!
n ≥ 1

yn(0) = 0

⇒ yn =
x2nex

2nn!

Therefore y =
∞
∑

n=0

εnx2n

2nn!
ex (?)

Compare with exact solution
d

dx

(

e−
∫

(1+εx) dxy
)

= 0⇒ y = cex+ εx
2

2

y(0) = 1⇒ c = 1

Therefore y = ex+ εx
2

2 = ex
∑∞

n=0

εnx2n

2nn!
= (?)

√√
(Convergent for all finite

x)
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