In what follows you may assume that the following notation applies

dy
/

= X s = —.
y=yl@), ¥y =
You may also assume that, unless otherwise stated, y is a sufficiently contin-
uously differentiable function.

Question Find the critical curves of the functionals
b 2
(i) / (y* + 3y~ — 2ysinx) dr
b 2
(ii) / (y* —y'" — 2ysinz) do
b 2
(iii) / (y* — vy~ — 2y coshz) dx
b 2
(iv) [ (s +y" = 29e") da

Answer

(i) F(y7y/7$) - y2 + y/2 — 2ySiH$
OF OF
o =2y —2sinx; —
dy dy

E-L equation becomes:

/

(2y — 2sinx) — di(Qy’) =0

‘ x
=y —sinz —y” = 0

= y'—y = —sinx
Inhomogeneous 2nd order linear equation ODE with constant coeffi-

cients.

S0 Y = Yeomp. func. + Ypartic.int.

YepAe™ + Be™™* where A and B are constants
where by substitution

m?>—1=0=m= =1

Therefore y.; = Ae” + Be™



For particular integral try
ypr = Ccosx + Dsinx

Y p; =—Csinx + Dcosz
y'p; = —Ccosx — Dsinx

Substitution in (1) gives

—Ccosx — Dsinz —Ccosxz — Dsinz = —sinz
1

1
Therefore t = Ae* + Be™* + 3 sinz is extremal function would need

to find A and B using boundary data; but we haven’t been given any
(only that x = a and x = b are the end points)

(i) F(y,y',z) = y* — y’2 — 2ysinx
or _OF
(9—y =2y — 2sinz; 8—3/ = -2

E-L equation becomes:

Il
o

d
(2y — 2sinx) — %(—Zy')
=y —sinz+y” = 0 (2)

= y' 4y sin
Same type of equation as in (i). Use same method to get solution
1
y=—gzcoss + Acosz + Bsinx

A and B to be determined from boundary data.

(iii) F(y,y',2) =y* -y — 2ycoshx

oF oF
a—y = 2y — 2COSh.T; a_y’ = —2y/
E-L equation becomes:
d
(2y — 2coshz) — —(—2y') = 0
dx (2>
=y — coshz + ¢/ = 0
= y'+y = coshz

Same type of equation as above. Use similar method to get solution

1
Yy = 3 coshz + Acosx + Bsinxz

A and B to be determined from boundary data.



(iv) Fly,y,2) = y* +y° + 2ye”
oF OF
— =2y + 2" — =2
E-L equation becomes:

(2y + 2e”) —

:>y+6$_y//
=

d
—(2¢
dx(y)

y' =y

0

em

Same type of equation as above. Use similar methods to get solution

1
Y= —§xem + Ae® + Be™®

A and B to be determined from boundary data.



