Question

Write down the Taylor expansion for e”. Then use Maclaurin’s theorem to
2

show that if 0 <z <1 thene®*=1+z+ % + R(x), where 0 < R(z) < %e"””.
2 2
Hence show that 1+ x + % <e" < - (1 +x+ %) Use your calculator to
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evaluate e and check these bounds.

Answer
Taylor expansion of e around x = 0
R L
e = T 2!+3!
xTL
Remainder term R, (z) = —'eex 0<h<1
2 ;zl%'e
Hence e :1+x+§+§e
. : o, 1
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x? x> 2
Hencel—l—x—l—age §1+x+§+§e
Hence e (1- 2 ) <140+ %
ence e - — T+ —
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ifo<zr<1l, 1 > 1——2>-
- 6 — 6
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Hence 1 < 5 < —
_ 3 = 5§
6
l+a+2 6 2
Hence e < ——52 <= 1+I+£
-z 5 2

z? . 6 z?
il—l—x-i-? < e Sg 1+x+ —

Putting z = 1 gives

1 6 1
1+1+=-<e<-(1+1+=
+ +2_€_5(+ +2),

5 6 5
giving 3 <e< - x 27 i.e. 2.5 < e < 3, which is consistent with the value
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given on the calculator, namely e = 2.71828. ..



