Question

(a) Solve the differential equation

d
el + 2zy = e sec? x, where y = 1 when z = 0

dx
(b) By solving
dy 3z + 2y
dr 27 + 3y
show that its general solution can be written in the form
(r—y)@+y) =4

where A is an arbitrary constant.

Answer
d
i add + 2zy = e sec? x
dx y

First order linear equation, requiring an integrating factor:

d
d—y + Py = () = integrating factor o) Pz
x
Here P = 2z, Q = ¢ % sec®x
This integrating factor=eJ 22d* = ¢’
Therefore
d
e %Y + 2:56””23/ = " ey
dx
d
et + 2:66123/ = sec’x
dx

%(ery) = sec’x

2 x 2
= yet = / sec” u du
= tanx + C
=y = e tanz + Ce ™




General solution.
Ify=1whenz=0
=y=e.0+Ce=C
=C=1

y = (1+tanz)e ™

Specific solution.
. dy  3x+2y
(i) —= = (1)
de 2x+ 3y
Rearrange to get

dy
2 — — 2y) =
( x+3y)dx (Brx+2y) =0

Homogeneous of degree 1.

Set y = vax where v = v(z), to be found.

= + dv
=v+z—
dx

Substitute in (1)

N B 3x + 2vx
v xdm 22+ 3ux
N dv 3+
de 24 3w
dv 34+ 2v
r— = —0
dx 2+ 3v
dv 3+ 2v — 20 — 302
Xr— =
dx 2+ 3v
dv 3(1 —v?)
T— = —_—
dx 24+ 3v



Variables separable:
2
/( -I—SU 3/
(1 —12?2)
2
+3vdv:3lnaz+0
1 —v?
2430 (2430 _ A N B
1—v2 (1—-0)(1+v) (1-v) (1+0)
Therefore 2 +3v = (14+v)A+ (1 —v)B
=2=A+B,3=A—-B

:>5:2A:>A:Z
1

H B=-=2
ence 2
Therefore
2+31}d_5/dv 1/dv
11—z T 2)J 10 2/ 1+0
= 51 (1 ) — 1l (1+v)
= 5 n v 5 v
Therefore

1
—gln(l—v)— 5111(1—1—1}) = 3lnz+C

1
= —g In(1 —v) — 5111(1 + )

Therefore
) 1
—éln(l—v)—iln(l—i—v) = 3lnzx+c
5In(l —v)+In(l+v) = —6lnzx+c
A
5 —
(1—-0v)’(l+v) = s
reset y = vx
5 A
e -
x T T



