Question
Find the general solution of the following differential equations

dy 2

. %y _ 2
(i) Ty =Y

. dy oy
(ii) O =

x? 4 y?

(iii) =(y + I)Z—i =y(y — )

, d
(iv) 362% =ay —y°

Answer
(i)
xy@ =y? — 2% is of the type P(x y)@ + Q(z,y) = 0 with
dx "z ’
P(z,y) = xy = degree2

Q(z,y) =2? —y* = degree2 } = homogenous

d d
Thus use y = v = % =v+ xé (where v = v(x))

and divide both sides through by z? etc......

vy = y—a?
dx
dy y? — a2
= 2 =
dx xy
divide top and bottom of RHS by x?2
d 921
b _ Q)
da (%)
d d
Substitute - = v + +2% on LHS and y = vx on RHS
dz dx
dv v?—1
v+r— =
dx v
dv v?—1
= —-— = —v
r v
v 1
or — = —=
dz v



This is now variables separable. Hence:

= v?
2
= vt
2
= v?
or v2
Now put back y = vz
vy 1
2 . (k2x2>
L _ e
N g2 T
1
or 22 = —e &)

dx

T
—lnxz+e¢

—lnx—Ink

—Inkx
1
In(—
n(k:x)
1
2In | —
n(k:c)
1
In <k2x2>




(ii) This is of the form Pjy +Q=0
x

P(z,y) =2*>+y* = degree2
where Qz,y) = —zy ~  degree2 = homogenous
d d
Thus set y = vz, = i :U—i-x—v
dx dx
Divide top and bottom by x?:
)
ay _ () )
dx (fv%ﬁ) [1+ (4)?]
or
n dv v
vtr— = ——
dx 1+03
= xd—v = 'y
de 1+
v—v—2?
= ————
1 ;—Sv
T 142
This is now variables separable. Thus
dv (1+ 1;2) = d_J;
— x
/ dv dv dx
= [ = = [ =
1131 v x
= 902 Inv = lnz+c
c=1Ink
1
= — = Inv+Ilnx+Ink
20?2
= In(kvz)
1

Thus kvz = 62712.
12

Now replace y = vz to get ky = e2v*.



d
(iii) This is of the form P(x, y)ﬁ FQz,y) =0

P(x,y) =2y +2*> = degree2

where Q(r,y) =y*> —yxr = degree2

} = homogenous

Thus rearrange to get

dy (G- (P
AR RN OR
dy dv
U = 7 — -
se y v:z::>dx v—i—:cdx
N n dv v2—w
v+r— =
dx v+ 1
N dv B v2—0
xdm o ou+1 v
v —v—v'—v =
N v+1 v +41
Thus
dv 2v
r— = —
dz v+1
This is variables separable, so
1 d
/dv<v+ ) = —2/—$
Udv c%:v
= /var/— = —2/—
) T
= v+Inv = —2Inz+c
= y+ln(g) = 2lnz+c
T T
= Z = —ln(g>—21nx+c
T T
= —lny+hz—-2nhz+c
= —Iny—Inx+c
c=—Ink
Yy
Z = -1 k
Y= (k)

= y+zln(kzy) =0




dy 2

o 2% _
(V) 2% =2y —y
d
This is of the form P(x,y)d—y +Q(z,y) =0
T
P(z,y) = 2* = degree2

where } = homogenous

Q(x,y) =y* —zy = degree2

Thus rearrange to get

dy xy—y>

dx 2

Divide RHS top and bottom by 2

dy _(H-2) ()
dz (;—2) 1
dy dv
ty = =7 — b
Set y Ux=>dx v—l—xdx
Thus
dv 9
vV+r— = Uv—
&
or T = —v?

This is variables separable

dv B dz
v T
1
= —— = —Inz+e
I
or — = lnz—c
)
set c=—1Ink
= ¥ - Inz — ¢
= ﬁ = —Ilnkx
T

ory =xlnkz



