Question
Find the general solution to the first order system of equations

x = Ax

where A is the matrix given by

@ (5 53)
® (5 o)
@ (5 5)
@ () )
@ (3 7))
@ (37 )
® (3 )
© (1 )
Answer

(a) A= (g :;) has eigenvalues A = —1 and A = 2.

When A = —1 the eigenvector is (;)
. . (2
When A = 2 the eigenvector is (1 )

Hence the solution is x(t) = ¢; (;) e+ <?> e



(b) A= (;L :2) has eigenvalues A = 0 and A = —2.

When A = 0 the eigenvector is (i)
When A = —2 the eigenvector is (;)
. 3 1\ o
Hence the solution is x(t) = ¢; g)Tely)e™
2

(c) A= (3 :;) has eigenvalues A = —1 and A = 1.
When A = —1 the eigenvector is (;)
When A\ =1 the eigenvector is (1)

Hence the solution is x(t) = ¢; (51,)) e+ (1) "

(d) A= (411 _12> has eigenvalues A = —3 and \ = 2.

When A = —3 the eigenvector is (_14>
When A = 2 the eigenvector is (1)

co 1 —3t LY o
Hence the solution is x(t) = ¢; _g)e el )

(e) A= (? :g) has eigenvalues A = +i.

When A\ =i the eigenvector is (2 T ! )

Hence the corresponding solution is given by

x(t) = (2? )a‘t

= ( 2—{2 > (cost 4 isint)

2cost —sint . cost—+2sint
= +1 .
cost sint



Since the real and imaginary parts are each solutions to the equation
we find the general solution is given by:

B 2cost —sint cost + 2sint
x(t)=a ( cost ) te ( sint )

(f) A= <_11 :i) has eigenvalues A = —1 £ 2i

When A = —1 + 27 the eigenvector is (212 )

Hence the corresponding solution is given by

X(t) — (22> e—t+2z‘t
1
20\ 4 ..
= (7)e (cos 2t + isin 2t)
B ( —2e~tsin 2t> i ( 2¢t cos 2t>
N e~tcos 2t e~tsin 2t
Since the real and imaginary parts are each solutions to the equation
we find the general solution is given by:

x(t) = (—Qe_t sin 2t> (Qe_t oS 2t>
T etcos 2t 2\ etsin2t )°

(g) A= (g _11> has eigenvalues A = 2 and A = 4.

When A = 2 the eigenvector is (;)
When A = 4 the eigenvector is (1)

. . 1 2t 1 4t
Hence the solution is x(t) = ¢; 5 )€ + ¢y e,

(h) A= (il3 :11) has eigenvalues A = 1 twice.

1

To find the second solution we need to find a vector b such that (A —

A)b = a. Writing b = (2

(1 =) (a)=()

3

When A =1 the eigenvector is a = (2 >

) we want to solve



One solution to this is b = <(1)> Note this solution is not unique and
we can add on to it any multiple of a.

Using a and b found above the solution is

cr=a (D) e+ (1))



