
Question

Write the second order differential equation

d2x

dt2
= 3x+

dx

dt

as a linear system of two first order equations, and solve it using matrix
methods.

Answer

Put y =
dx

dt
so that

dy

dt
=

d2x

dx2
= 2x +

dx

dt
= 2x + y so we have a set of

simultaneous first order differential equations
dx
dt

= y
dy

dt
= 2x+ y

}

or in matrix form

(

dx
dt
dy

dt

)

=

(

0 1
2 1

)(

x

y

)

∣

∣

∣

∣

−λ 1
2 1− λ

∣

∣

∣

∣

= λ2
− λ− 2 = (λ− 2)(λ+ 1) = 0 so λ = −1, 2

λ = −1 Solve

(

1 1
2 2

)(

x

y

)

=

(

0
0

)

or
x+ y = 0

2x+ 2y = 0

}

let x = α

so y = −α

Suitable eigenvector

(

α

−α

)

λ = 2 Solve

(

−2 1
2 −1

)(

x

y

)

=

(

0
0

)

or
−2x+ y = 0
2x− y = 0

}

let x = β

so y = 2β

Suitable eigenvector

(

β

2β

)

General solution is given by

(

x

y

)

= α

(

1
−1

)

e−t + β

(

1
2

)

e2t

Hence the general solution to the second order differential equation is
x = αe−t + βe2t
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