Question
Find the eigenvalues and normalised eigenvectors for each of the following
matrices. In each case, write down an orthogonal matrix R such that RT AR

is a diagonal matrix (you should verify this by calculating RTAR):

530
(i)A:(_Z _;1); (ﬁ)B:(;L i); (ii)C=13 5 0
00 4
Answer
(i)
2—\ —4
‘ 4 8—>\' = (2=XN)(@8—-X)—16
A% — 10\
= AMA—=10)=0
so A = 0,10
2 —4 x 0
A=0 Solve(_4 8)(3/)_(0)
20 —4y = 0 let vy = «
or —4dr+8y = 0 so x = 2«
: : 2a . : %
Suitable eigenvector which normalises to A
@ V5
-8 —4 T 0
A=10 Solve(_4 —2)(y)_<0)
o —8r—4y = 0| let =z = [
' —4dr—2y = 0 [ so y = =20
3 1
Suitable eigenvector which normalises to | v3
—28 =
2 1 2 1
Take the orthogonal matrix R= [ ¥° V3 | withRT = | ¥ ¥3
NGRS NGV

[Note: check that the eigenvectors are orthogonal using the dot product:
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Then
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2 1 10 0 0
RTAR = | ¥ ¥ Yo =( )
V5 v 010
as required
4— A ) . 2
1200, = o
= M -8\-9
= A=9\+1)=0
so A = —1,9
5 b x 0
A=-—1 Solve<55)(y)—(0>
or bx +5y = 0 let @ =
so Yy = —«
1
Suitable eigenvector ( ) which normalises to [ V2
-5 5 x 0
A=9 Solve( 5—5)(3/)_(0)
—br+by = 0| let 2 = j
5r—5y = 0 SO y = 0
3 1
Suitable eigenvector < ) which normalises to | ¥2
b v
. 1 =1
Take the orthogonal matrix R = *_/? \{5 with RT = ‘{5 *{5
V2 V2 V2 V2
Then
45 11 -1 9
AR:( )(ﬂ ﬁ>:<ﬁ ﬁ)
5 4 =1 T T
V2 V2 V2 V2
I | -1 9 1 0
rear - (F R ) (22 )= ()
G vi)\vu v 09

as required
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(iii)

5—XA 3 0

r+3y =
3r+y =
Let z =0

Suitable eigenvector

-3
A=28 Solve 3
0
—3r+3y = 0
or 3dxr—3y = 0
2z = 0

Suitable eigenvector

3 5-X 0 = (5—)\)’56)‘ 4EA’—3‘3 4EA‘+0
0 0 4-A
= (5=N?4—X)—9(4—\)
= (A—=4)(\* — 10X + 16)
= A=4)A=2)(A=8)=0
so A = 2,4,8
330 x 0
A=2 Solve | 3 3 0 y |=1020
00 2 z 0
3x—|—3y:0}let ;fg
2z = 0 B
so Yy = —«
1
@ V2
Suitable eigenvector | —a | which normalises to :/—%
0 0
30 x 0
A=14 Solve 10 y |=1020
00 z 0

0 0
0 which normalises to [ 0
16} 1
3 0 x 0
-3 0 y |=1020
0 —4 z 0
z = 0
let «x y
so Yy = 7y
1
V2
g which normalises to %
0
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Take the orthogonal matrix R
with RT = (

Then
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RTAR =

as required



