Question
Determine two terms in the small £ expansion of the roots of

23— 20 — x4+ 2=¢(32*+ 22 +2)

Answer

23— 227 —x+2=2¢(322 + 22+ 2)

Not a singular perturbation as e x O(z?) and polynomial is 3rd order.
e=0= 2°—22? — r+2 = (0 with roots x = 1 (obvious) by substitution, or
*—rx—-2=0=z=2o0r —1.

Therefore no degenerate roots at ¢ =0

= try ansatz ¥ = z¢ + ex; + O(e?)

where xo = 1, —1 pr 2. Find z; by substitution:

= (zo+ex)+0(?))>? = a3+ 3emxd + O(e?)
=222 = —2(x—0+4ecx; +0(?)? = =223 —dexor; + O(e?)

—Tr = —(ZL‘O +ex + 0(82)) = —Xg—Exr1+ O(€2>

+2 = 42 = +2

LHS=23 — 222 — 29 + 2 + &(3z123 — 4xoz; — 71) + O(£?)

3ex? = 3e(xo+exy +0(?))? = 3exl+ O(e?)

2er = 2e(wg+exy +0(e?) = 2exg+ O(e?)
2e = 2 = 2

RHS=¢(2 + 3z% + 2x¢) + O(£?)
LHS=RHS = z3—213—x¢+2+e(3x123 —4xor1 —211—2—32%—210)+ O (%) = 0
Balancing:
O(£%): Gives roots zo = + and 2 as above
O(g') : 3zy22 — dwory — 21 — 2 — 322 — 229 =0

+1 = x; = T
50 Zo = 1 = x = —i—i
2 = x1=+46
1- ;5 + O(e?)
Therefore x = { —1 + %5 + O(£?)
2+ és + O(£?)



