Question
For small |¢| show that the roots of the equation

- 2482’ +(1—e)r+2+3=0

are given by

1+ ge—i— 0(=2)

1
rT=19q —1— 68+O(€2)
1
2 — §€+o(€2)

If € is switched on from 0 such that e = ai, 0 < a << 1, sketch how the
solutions move in the complex plane.

Answer
Use hint that = = x¢ + z16 + O(e?) is a good ansatz.
Substitute:
(A)
xr3 = [l’o + x1€ + 0(62)]3

= 23+ 233 + O(&%) + 3x3x16 + O(£?) + 3wpa?e® + O(e?)
= x4 3zir1e + O(?)

We only want answers to O(g?).
(B)
—(2+¢e)r? = —(2+4¢)(zo+ex +O(e?))

—(2+¢)(25 + 2zoz18 + O(c?))
= —2x2 — dworie — exd + O(&?)

(C)
—(1—¢)x = —(1—¢)(mg+ ez +O(£?))
= —(xo+exy —exo+ O(e?))
(D)
2+3e=2+3¢
(A) + (B) + (C) + (D) = (x§ — 2x§ — X0 + 2)
+e(3x3ry — dxowy + 23 — 11 + 19 + 3) + O(e?) = 0 (original equation!)



Therefore at O(°) : 23 — 222 — x5 + 2 = 0 (unperturbed equation)
Use hints in question to observe solutions are xo = +1, 2.
Therefore

O(e') : 3adxy — 4wy — 22 — 21 + 20 +3=0

o (3+zo — 23)
T (1 + 4xg — 322)
3 3
To=1 = 1'125 +1+—5+O(82)
1
r=-1 = n=—-  r= —1—85+O(52)
1
Tog =2 = l’lz—g 2—§5+O(82)
(x)
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