Question
Show that the small € expansion of the roots of

1
mQ—m—2+§5(a73+2m—|—3):0

are
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r=11 2— §€+O(52)
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5 + O(e)

Sketch the behaviour of the roots as ¢ — 0.

Answer -
ﬁ—x—2+§u%+2m+$:0

Substitute = —1 to check it’'s a root: 1 +1—2+ %(—1 —2+3)=0y
When e =0, 22 —2 —2=0= 2 = —1 or +2, non degenerate.
Therefore can try x = z¢ + ez + O(£32) as ansatz.

Note ¢ multiplies highest power = singular perturbation.
T

Therefore try & — = + x, + O(¢) as ansatz.
€

This completes our 3 roots:
Regular:

[xo + ez + O(D))? — [wg +ex1 + O(e?)] — 2+ g[m +exy + O(H))? + e(xo +
exy + O(e?)) + ;e =0

€ 3
T2+ 26707, — 9 — €Ty — 2+ ~x +emg + —£ + O(e?) =0

2 2
3 3
Therefore (23 — xg — 2) + ¢ <2x0x1 — 1+ % + zg + 5) +0(?) =0
Balance at
O(e%) 1 2% — 29— 2 — g = —1 or 29 = +2 as above
3 3
O(e') : 2wpmy — 21 + % + 1z + 5= 0= 290 =—1= 27 =0 (as expected

5
since g = —1 is EXACT, or g = 2 = ¢ = 3

r=—1
= 5)

r=2- 58—1—0(62)
Singular root:



{% + 2+ O(e)]2 - {? +21 4+ O(e)
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1 [z 3 ¢ x €
+2§€ [?Ojtxl +O(5)3 +5 -22 [?0”1 —i—O(e)} +35 =0
xj ToTi To Ty o DTGTL 0
— +2 —— 4+ = += O =0
g2 * € e 22 2 +0()
Balance at:
O <l> caf + x—g = 0 = either "0 0 (non singular roots) discard, or
o = -2
O(—):2xox1—xo+ 201 =0—290=-2=20=-2=139=—1
- Lox1

Therefore root is z = —= — 1+ O(g), € — 0F
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