
Question

Prove that

cos θ + cos 3θ + cos 5θ + ... + cos(2n− 1)θ =
sin 2nθ

2 sin θ

sin θ + sin 3θ + sin 5θ + ... + sin(2n− 1)θ =
sin2nθ

sin θ

Answer

eiθ + e3iθ + ... + e(2n−1)iθ =
eiθ(1− e2niθ)

1− e2iθ

=
1− 22niθ

e−iθ − eiθ

=
1− e2niθ

−2i sin θ

=
i(1− cos 2nθ − i sin 2nθ)

2 sin θ

Similarly

eiθ + e3iθ + ... + e(2n−1)iθ = −
i(1− cos 2nθ + i sin 2nθ)

2 sin θ

So

cos θ + ... + cos(2n− 1)θ =
1

2
(eiθ + e−iθ + ... + e(2n−1)iθ + e−(2n−1)iθ

=
1

2

(

i(1− cos 2nθ − i sin 2nθ)

2 sin θ

−
(1− cos 2nθ + i sin 2nθ)

2 sin θ

)

=
1

4 sin θ
(i− i cos 2nθ + sin 2nθ −

i + i cos 2nθ + sin 2nθ)

=
2 sin 2nθ

4 sin θ

=
sin 2nθ

2 sin θ

1



sin θ + ... + sin(2n− 1)θ =
e−iθ(1− e−2nθ)

1− e−2iθ

=
1

ai sin θ
(i− i cos 2nθ + sin 2nθ + i

−i cos 2nθ − sin 2nθ)

=
i− i cos 2nθ

2i sin θ

=
1− cos 2nθ

2 sin θ

=
sin2nθ

sin θ

2


