
Question

Suppose that St, tε(a, b) is a family of sets indexed by t. Suppose also that
t1 < t2 ⇒ St1 ⊆ St2 . Prove that if St is measurable for each tε(a, b), then
⋃

tε(a,b)

St is measurable, and that m





⋃

tε(a,b)

St



 = lim
t→b−

m(St)

Formulate and prove a corresponding result involving intersections.

Answer

Let {tn} be an arbitrary increasing sequence converging to b−.
Then St1 ⊆ St2 ⊆ · · · ⊆ Stn ⊆ · · ·

and so lim
n→∞

m(Stn) = m

(

∞
⋃

n=1

Stn

)

Now lim
n→∞

m(Stn) = lim
t→b−

m(St)

Since tn is an arbitrary sequence.

Also
∞
⋃

n=1

Stn =
⋃

tε(a,b)

St, for ⊆ obvious

if xε
⋃

tε(a,b)

St, there exists tε(a, b), xεSt

there exists n, with tn > t, therefore xεStn therefore xε
⋃

∞

n=1 Stn therefore ⊇.
Hence equality

Thus m





⋃

tε(a,b)

St



 = lim
t→b−

m(St)

For intersections

m





⋂

tε(a,b)

St



 = lim
t→a+

m(St)
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