Question
Show that |sin z|> = sin®z + sinh®y where z = x 4 iy and hence that, for
any positive integer n,

i) on the lines y = £(n + 3), |esemz|? < esch®(%)
ii) on the lines 2 = £(n + 3), |esemz|? < 1.

The above lines form the sides of a square I',,. Prove that
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and, using the calculus of residues, deduce that
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Answer
sin(x 4 iy) = sinx cos iy + cos x + sin iy = sinz cosh y + i cos x sinh y
| sin 2|2 = sin® z cosh? y + cos? 2 sinh? y
= sin? z cosh® y + (1 — sin® x) sinh?
— sin? x(cosh2 — sinh? y) + sinh®y = sin® x + sinh?y
Now if y = (n + 1), |sinmz[* > sinh® 1y
— sinh?(%(n + )7r > sinh® 2. So |escmz|? < csch2(% )
If{[‘::l:(n—’—%) |Sm27rz|251n Tz = sin’(+(n + 3)m) =1
So |esc?mz| <1
Now on the square I',,, |2| > n + 1 and |csc?mz| < max(1, csch®ir) = K2
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Now at z =n # 0, ——— has residue ~—
z n
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At 2 =0, ——— has a pole of order 3, with residue a1
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