Question

Show that as z — oo,

(a) z+o(z) = O(x)

(b) {O(2)}?* = O(2?) = o(z?)

(c) log(1+o(1)) = o(1)

Answer

(a) If f(z) = O(x), then
limLf(x)zl—i- lim@:1
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Therefore z + f(x) = O(x)
or x 4+ o(x) = O(x).
(b) First equality:
Suppose f(z) and g(x) = O(x), x — oo.
Then there exists Ky and K, > 0 such that

|f(@)] < Kl
|9(2)] < K|z

Thus (@) lg(2)] < KKyl
or |f(z)g(x)| < Kp|2?| where K), = K; K,

= f(x)g(x) = O(z?)
or [0@M)]* = O(?)

Second equality:

}asx—>oo

Now suppose h(z) = O(z?) z — oco.
—

=fg
Then there exists K} such that |h(x)| < Kp|2?| 7 — oo
h 2 1
Thus 0 < lim ﬂ < lim Khm:Kh lim — =0
z—oo | 3 T—00 |l‘3| T—00 |{E|

Therefore h(z) = o(x?)
or O(x?) = o(x?)
Hence [O(x)]* = O(2?) = o(z?)



(c) Suppose f(z) = o(1).
Then lim @ =0

Thus lim, . log(1 + f(z)) =logl =0
= log(1 +o(1)) = o(1)
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