
Question

The Bessel functions Jn(x) are the solutions of

x2y′′ + xy′ + (x2 − n2)y = 0

are well-behaved at the origin. Transform the equation by changing the

variables to w = y
√
x, t =

x
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and hence show that the WKB solutions

for large n are

y ∼ A±√
x

(

x2

x2 − n2

)
1
4

exp
(

±i
[

(x2 − n2)
1
2 − n arccos

(

n

x

)]}

, t > 1

y ∼ B±√
x

(

x2

x2 − n2

)
1
4

exp
(

±
[

(x2 − n2)
1
2 − narccosh

(

n

x

)]}

, t < 1

Answer

x2y′′ + xy′ + (x2 − n2)y = 0
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Phew!!
Now we have a WKB-type form of the equation. Obviously things go wrong
when |t| = 1 (WKB-type potential = 0 ⇒ turning point) so separate into
|t| > 1 and 0 < |t| < 1.

w ∼ eg
(n)
0 ψ0(t)+g

(n)
1 ψ1(t)+···

{gr} asymptotic sequence as nto∞
ψr(t) = O(1) for t = O(1)
Therefore
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Next balance:
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The i has been pulled out of the
√

to help what follows. We need to evaluate
the integral:
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as required (A±e
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4 A∓ of question)
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