Question
Use the WKB solution to estimate the eigenvalues k of the problem

/{32
Y+ 2y =0, y(1) =0, y(e) =0, k — +oo

Show that the equation can be solved exactly to give

1 1
Y = a\/x cos (HkQ — Zlogx) + by/rsinl (\/kQ - Zlogx)

Hence find the exact eigenvalues and compare them with the WKB approx-
imations. Will higher order terms in the WKB expansion improve the accu-
racy of that approximation?

Ansv]sgezrr
v+ 5y =0,y1) =0, y() =0

=z =0(1), k — oo limit
Can solve by y ~ e®®vo(@)++ L _ oo limit ansatz, or jump to equations

1
(5.61) (to save space here!) in section 5.5 of the notes. Identify h(z) = —

22
with h(z) >0in 1 <z <e.
Therefore from (5.61) we have

Sl ] g )

k — o0, x =
SO
y ~ Ay/xcos(klnz) + By/zsin(kInz), k — oo, z = O(1)
A and B from boundary conditions
0~ AvTcos(klnl) + By/1sin(kIn1)
0~ AcosO+ Bsin0
= A=0
and
0 ~ Ay/ecos(klne) + By/esin(klne)
0 ~ By/esink since A =0. Ine = 1 by definition
so either B =0 BORING! (y ~0) orsink=0=k=nn, ncZ
Therefore y ~ By/xsin(nmInx) with eigenvalues k,, ~ 7, n integer.
Given trial solution:

yr\./



1 1
Yy = ay/xcos (1/k2—110g1>+b\/§sin (HkQ—Zlogm>
y = 1a:zc’%cos wk?—lloga: +br 2 sin q/k2—110g:c
2 4 4
T\ /k2 -1 /
—ap sin ( k2 — 1logx>
x 4
by/z\/k2 -1 1
—l—pcos (\/kQ — —logx)
x 4
_ (e, k’2—1 cos( kZ—ilogx)
-2 4 NG

N <g —a\/m> sin( ki/—iilogx)

y _(g+b\/k2—i)¢k2—ism( k2 — Llog )
(

5(% 4 by/k? — 1) sin kZ—ilog:r;)
T3
sin (/k2 — Llogax
= (e 1) oy er)
4 4 €Tr2
cos (/k? — Lloga
(eofen i) =
4 4 T2
1 sin (4/k2 — Y logx
Sin(_b{lg__]_é) ( 34 g)
bk‘Q 4 4 T2

k2
= Ty\/ i
so it is an exact solution of equation.
Moreover, it satisfies the boundary conditions provided.



1 1
0 = a lcos(qle—Zlogl)—Hn/Isin(w/k;z—ilogl)

=0 = a
1
and 0 = by/esin (Hk2 ~ 1 log e)
=0 = bsin k'?—1
B 4

Therefore either b = 0 BORING! y = 0 for all x

k2 = n2n2 4 -
nem 1

1 1

2+ _ k= +4/n2n2+ -
or 4/ k 4—n7T:> n7r+4
/ 1

= Z4nm/l+ —

dnm

Therefore boundary data = eigenvalues are

kn:j:mr<1+i+0<i)) as n — oo
8 n?

nm

This agrees for n — oo with the WKB result k,, ~ n7 as above.
Next WKB term (long calculation) gives evalues from

Y ~ a/T cos ((k‘ — 81k> 10gx> + by/7 sin ((k;— 81k:> logx)

which when substituted into boundary conditions

1
=k——=n1r = 8k —8knt—1=0

8k
8nm £+ v64n272 4 32
= k=
116 1
= k~n7r+—+0<—),n—>oo
nm n?

which agrees with exact?



