Question
Find two terms in the asmyptotic solutions of the equation

2 92 2
y”+/~c2<x - ) y =0,

2?2+ 1
(a) for x — +oo, k=0(1)

(b) for k — +o00, z = 0(1)

Answer
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y”—!—k2<i+ > y:()

(a) © — +o0, k=0(1): Tryy ~e

{#,} = asymptotic sequence as x — 400

Substitute:

= (¢ + ¢} + cdots) + (¢3 + ¢ + ) + (2040, + 28h¢h + -

12 2+ 2 2_0
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Now as x — o0, k= 0O(1)
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k<x2+1> K +x2 +x2

Assuming {¢”} and {¢!} are asymptotic sequences also,

.)_|_

" +¢2' +k? ~ 0 is the first possible balance as z — 400 (¢h¢, = o(¢}?))

etc...

Checking through pairwise balances, the only sensible balance is:

(2= k2 = g = ik, (6§ =0=o(k) vV

Next balance
2

2%k
(O @+ )+ (K2 + 047+ (2000, + ) + K2+ = ~ 0

gb/ll = o(¢y¢}) by asymptotic sequence property



2k>
Therefore ¢ + 2¢¢] + —5- ~ 0 is next possible balance
x

Checking through pairwise balances, the only sensible balance is

e - = (-0(2) ()
+2i¢) ki ~ z x @

2 ?
= ¢ = F— +const
x

absorb the constant in the exponential prefactor
Therefore
y ~ Aieiikﬂ:% _ A+€ik(z—%) + A_e—ik(x—é)
(b) k— 400, x=0(1):
Try g ~ eo0®vo(e)+a1 ()i )+

{g,} asymptotic sequence as k — +oo, {1} = O(1)
Substitute

Govl + gl + -+ ) + (2 + gi o)+ (200910601 + 29092005 +
2 +2
"'+2g192¢i¢§+”‘)+k2< ) =

24+1) 0
Balance at O(k?)
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(rr+2
Therefore i, = +i (:1:2 1)

x 1
¢0:ii/ <1+x2+1> dr = i (z + arctanx) + ¢
absorb ¢ into the exponential prefactor

Balance at O(k) is next

2?42\
(kg + ) + (K" + giui™ ) + kg + ) + &2 (xz + 1) ~0

For balance must have



kg + 2kgipgy ~ 0

= g1 = L(= k%) and 9 + 211 ~ 0

Loy = —y 1 Fi2x
= = 22
24y 2 j:z(—xQ;)(xQ +1)2
= +

(12 +2)(@ +1)

22+1 2242
1 1
=1 = §111(952+1) — 5111(:702+2)+con<91t

absorb constant into exponential prefactor

: 2 +1
Therefore y ~ Ay exp { £ki(xz + arctanz) + In

x2+2
Therefore
A ,/x2+1 {+ik[z + arctan x|}
~ —— exp {+ik[x + arctan x
y + IQ + 2 p
2
1
;—12 exp {—ik[z + arctan z|}
or
2 +1
y~ By o cos[k(x + arctan x)]
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* 2+ 2

cos[k(x + arctan x)]
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