
Bessel Functions

Vibrations of a Membrane

The governing equation for the displacement w(x, y, t)from the equilibrium
position (the plane z = 0) is

∇2
1w =

1

c2
∂2w

∂t2
(1)

∇2
1 =

∂2

∂x2
+

∂2

∂y2

[ The assumptions are:-

(i) That the action across the element DeltaS is a force T∆S perpendic-
ular to ∆S, where T ′ → T as ∆S → 0

(ii) the displacement w of any point of the membrane is purely transverse.

(iii) that





(

∂w

∂x

)2

+

(

∂w

∂y

)2




1
2

is small. ]

It can be shown that the tension is isotropic at a point at a point (i.e.
independent of the orientation of ∆S), independently of (ii) and (iii), and
for equilibrium or motion from (ii) it can be shown that T is uniform over the
membrane and c = T/ mass/unit area. We assume c2=constant. The usual
boundary condition for a finite membrane) is that w = 0 on the boundary.

Simple Harmonic Vibrations

w(x, y, t) =W (x, y) cos(wt+ ε) (2)
Then

∇2
1W + k2W = 0 k2 =

w2

c2
(3)

For a circular membrane (complete or annular) we use plane polar coordinates
r, θ

∇2
1 =

1

r

∂

∂r
r
∂

∂r
+

1

r2

∂2

∂θ2

Therefore
1

r

∂

∂r
r
∂W

∂r
+

1

r2

∂2W

∂θ2
+ k2W = 0
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This is separable. i.e. we can find solutions of the form W (rθ) = F (r)G(θ)
by substitution we have

1

F

1

r

d

dr

(

r
dF

dr

)

+ k2 +
1

r2

1

G

d2G

dθ2
= 0

Therefore
1

G

d2G

dθ2
=constant= −n2 (4)

Therefore
G(θ) = A cosnθ +B sinnθ

r
d

dr

(

r
dF

dr

)

+ (k2r2 − n2)F = 0 (5)

[Note that d
dr
(r dF

dr
) + (k2r − n2

r
)F = 0 is the self adjoint for ?????????]

In (5) write kr = x (not the co-ordinate)

x
d

dx

(

x
dF

dx

)

+ (x2 − n2)F = 0 (6)

This is Bessel’s Equation of order n.

The solution of the original equation ∇2W + k2W = 0 must be periodic in θ
of period 2π, for otherwiseW would not be a one valued function of position.
Therefore n is an integer.

Series solution for F

We assume F
∞
∑

m=0

amx
m+c where c is to be found.





(

x
d

dx

)2

− n2



 x(m+c) = [(m+ c)2 − n2]xm+c





(

x
d

dx

)2

− n2



F =
∞
∑

m=0

am[(m+ c)2 − n2]xm+c

x2F =
∞
∑

m=0

amx
n+c+2 =

∞
∑

m=2

am−2x
m+c

Hence we require
∞
∑

m=0

am[(m+ c)2 − n2]xm+c +
∞
∑

m=2

am−2x
m+c = 0

this is true if
a0(c

2 − n2) = 0 Indicial equation

a1(c+ 1
2
− n2) = 0
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am(m+ c
2 − n2) + am−2 m = 2, 3, . . .

Since a0 6= 0, c = ±n
In the second, putting c = n

a1(2n+ 1) = 0

In the third, putting c = n, m = 3, 5, . . .

a33(2n+ 3) + a1 = 0 · · ·

We suppose n 6= −1
2
,−3

2
, . . .

Then a1 = a3 = . . . = 0
For m = 2, 4, 6, . . . in the third relation

a22(2 + 2n) + a0 ⇒ a2 =
−a0

22 · 1(n+ 1)

a44(4 + 2n) + a2 ⇒ a4 =
a0

24 · 1 · 2(n+ 1)(n+ 2)

a2m =
(−1)ma0

22mm!(n+ 1) . . . (n+m)
Hence we have one solution (taking c = n)

a0x
n
∞
∑

m=0

(−1)m

m!(n+ 1) . . . (n+m)

(

x

2

)2m

The Bessel function Jn(x) is defined by taking a0 =
1

2nΓ(n+ 1)

Jn(x) =
(

x

2

)n 1

Γ(n+ 1)

∞
∑

m=0

(−1)m

m!(n+ 1) . . . (n+m)

(

x

2

)2m

=
∞
∑

m=1

(−1)m

m!Γ(m+ n+ 1)

(

x

2

)2m

The series converges for all x, by the ratio test. So Jn(x) is an integral
function of x. If Ln is the operation in Bessels equation L−n(y) = Ln(y)
since n appears as n2

Ln[Jn(x)] = 0 for all n
Therefore L−n[j−n(x)] = 0 i.e. LnJ−n(x)] = 0
Hence J−n(x) is a solution.

J−n(x) =
∞
∑

m=0

(−1)m

m!Γ(m− n+ 1

(

x

2

)−n+2m

When n is a non-negative integer Γ(m+ n+ 1) is infinite from
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m = 0, 1, 2, . . . , n− 1 since Γ(z) has poles at z = 0,−1,−2, . . . Therefore

J−n(x) =
∞
∑

m=n

(−1)m

m!Γ(m− n+ 1

(

x

2

)−n+2m

Write m = n+ k

J−n(x) =
∞
∑

k=o

(−1)k

(n+ k)!k!

(

x

2

)2k+n

= (−i)nJn(x)

Wronskin of Jn and J−n

W =

∣

∣

∣

∣

∣

Jn J−n
J ′n J ′−n

∣

∣

∣

∣

∣

we have
d

dx

(

x
d

dx
j±n

)

+

(

x−
n2

x

)

J±n = 0

Therefore
d

dx

{

x[J ′nJ−n − JnJ
′
−n]
}

= 0

i.e. x[J ′nJ−n − JnJ
′
−n] = C (constant).

C = lim
x→0

x[J ′nJ−n − JnJ
′
−n]

Jn =

(

x
2

)n

r(n+ 1)





1−

(

x
2

)2

1!(n+ 1)
+ · · ·







J−n =

(

x
2

)−n

r(−n+ 1)





1−

(

x
2

)2

1!(−n+ 1)
+ · · ·







xJ ′n =
n
(

x
2

)n

r(n+ 1)

[

1 + 0x2
]

xJ ′−n =
−n

(

x
2

)−n

r(−n+ 1)

[

1 + 0x2
]

Therefore J−n · xJ
′
n − xJ ′−nJn =

2n

Γ(1 + n)Γ(1−m)
[1 + 0x2]

Therefore C =
2n

Γ(1 + n)Γ(1−m)
=

2

Γ(1− n)Γ(n)
=

2 sinnπ

π

Therefore J−n · xJ
′
n − xJ ′−nJn =

2

x

sinnπ

π
Thus Jn and J−n are linearly independent when n is not an integer.
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and Jn and J−n are linearly dependent when n is an integer.

Definition of the second solution [Weber]

Yn(x) =
cosnπJn − J−n

sinnπ

when n tends to an integer the numerator tends to 0 nd the denominator tens
to 0. Hence when m is an integer we define Ym(x) = lim

n→m
Yn(x) Therefore

Ym(x) =
∂
∂n
[cosnπJn − J−n]

∂
∂n

sinnπ

}

n=m

=
π sinnπJn + cosnπ ∂

∂n
− ∂

∂n
J−n

π cos πn

}

n=m

=
1

π

[

∂

∂n
(Jn)− (−1)m

∂

∂n
(J−n)

]

n=m

In particular Y0(x) =
1

π

[(

∂

∂n
Jn

)

n=0

−

(

−
∂

∂n
Jn

)

n=0

]

=
2

π

[

∂

∂n
Jn

]

n=0
The functions of the second kind of order n. They are unbounded at x = 0,
for fro the relation between Jn and and other solution of Bessel’s equations,
say Yn(x), we have
x[YnJ

′
n − Y ′nJn] = C

YnJ
′
N − Y ′nJn =

c

x

If c 6= 0 then Yn and Y ′n can not exist at x=0. Hence the general solution of
Bessels equations is
either A1Jn(x) +B1J−n(x) (n not an integer)
or A1Jn(x) +B1Yn(x) (all cases)
A solution bounded at x = 0 is necessarily AJn(x)

Returning to the membrane problem

1. Complete membrane (0 ≤ r ≤ a). Since W must be bounded at r = 0,
we have F (r) = AJn(kr)

and W (rθ) = AJn(kr) cos(nθ + ε) (n integer ≥ 0)

Since W = 0 on r = a. AJn(ka) = 0

A = 0 is trivial therefore Jn(ka) = 0.

This is an equation for the eigenvalues k2
1, k

2
2, . . .. Hence for a given n

the values of k are given by ka = jn1, jn2, . . . where jn1, jn2, . . . are the
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positive zeros of Jn(x). The allowed frequencies (frequencies of normal

modes) are
w

a2pi
, w = kc Therefore

w =
c

a
(jn1, jn2, . . .) n = 0, 1, . . .

2. Annular Membrane b ≤ r ≤ a.

In this case r = 0 is not in the “physical space ”. Therefore we must
take F (r) = AJn(kr) +BYn(kr)

F (a) = 0 F (b) = 0 give:-

AJn(ka) +BYn(ka) = 0

AJn(kb) +BYn(kb) = 0

Hence for non-trivial A, B
∣

∣

∣

∣

∣

AJn(ka) BYn(ka)
AJn(kb) BYn(kb)

∣

∣

∣

∣

∣

= 0

Sketch of J0 J1 J2

J0 = 1 =
(

x

2

)2

·
1

(1!)2
+
(

x

4

)4 1

(2!)2
+ · · ·

J1 =
(

x

2

)

−
(

x

2

)3 1

1!2!
+
(

x

2

)5 1

2!3!
Note also J ′0(x) = −J1(x)

PICTURE

The asymptotic formula for Jn(x) is Jn(x) ∼
(

2

πx

)

1
2

cos
(

x−
π

4
+ n

π

2

)

Orthogonal and normal Properties of J0 (jmx)

where j1, j2 . . . are the zeros of j0(x).
We show that

∫ 1

0
xJ0(jmx)J0(jpx) = 0 p 6= m

=
1

2
J2

1 (jm) p = m
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the functions are orthogonal to weight function x over [a, b].
d

dx
x
d

dx
J0(αx) + α2xJ0(αx) = 0

d

dx
x
d

dx
J0(βx) + β2xJ0(βx) = 0

d

dx
x

[

J0(βx)
d

dx
J0(αx)− J0(αx)

d

dx
J0(βx)

]

= (α2 − β2)xJ0(αx)J0(βx)

Therefore x

[

J0(βx)
d

dx
J0(αx)− J0(αx)

d

dx
J0(βx)

]}1

0

I(α2 − β2)
∫ 1
0 J0(αx)J0(βx) dx

i.e.

(α2 − β2)
∫ 1

0
xJ0(αx)− J0(βx) dx = J0(α)βJ

′
0(β)− J0(β)αJ

′
0(α) (1)

= J0(β)J1(α)− J0(α)βJ1(β)

If α = jm β = jp m 6= p

∫ 1

0
xJ0(jmx)J0(jpx)dx = 0

∫ 1

0
xJ2

0 (αx) = lim
β→α

−αJ0(β)J
′
0(α) + βJ0(α)J

′
0β

α2 − β2

=





∂
∂β
Numerator

∂
∂β
Denominator





β=α

=





−j′0(β) · αJ
′
0(α)

∂
∂β
(βJ ′0β)

−2β





β=α

= −
αJ

′2
0 (α)− αJ2

0 (α)

−2α

[

∂

∂β
(βJ ′0(β)) + βJ0(β) = 0

]

Therefore
∫ 1

0
xJ2

o (αx) =
1

2
J2

1 (α) + J2
0 (α) [J ′0 = −J1] (2)

Therefore then α = jm
∫ 1

0
xJ0(jmx)J0(jpx) dx =

1

2
J2

1 (jm)δmp

It also follows that if f ′1, f
′
2 , . . . are the zeros of J ′0(x) then

∫ 1

0
xJ0(j

′
mx)J0(j

′
px) dx =

1

2
J2

0 (jm)δmp
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Special Cases of
∫

1

0

J0(αnx)f(x)dx

In (1) take α = αn (a zero) β 6= αm m = 1, 2, . . .

Then
∫ 1

0
xJ0(αnx)J0(βx) dx =

αn

α2
n − β2

J1(αn)J0(β) (3)

In this put β = 0 and J0(0) = 1 and so
∫ 1

0
xJ0(αnx) dx =

J1(αn)

αn
(4)

(4) can also be obtained as follows:
d

dx
x
d

dx
J0(αnx) = −α

2
nxJ0(αnx)

Therefore

−α2
n

∫ 1

0
xJ0(αnx)dx =

[

x
d

dx
J0(αnx)

]1

0

= anJ
′
0(αn)

= −αnJ1(αn)

Next we consider

Ik =
∫ 1

0
xJ0(αx)x

k dx

We have
d

dx
x
d

dx
J0(αx) = −α

2xJ0(αx) (i)

d

dx
x
d

dx
xk = k2xk−1 (ii)

Therefore

d

dx
x

{

xk
d

dx
J0(αx)− J0(αx)

d

dx
xk
}

= −J0(αx){xα
2xk + k2xk−1}

Therefore by integration over [0,1]

−α2Ik − k2Ik−2 = αJ ′0(α)− kJ0(α)

Therefore I0 I2, . . . can be found in terms of J0(α) and J1(α). I1 and I can
be found in terms of the “Sturve function ”

→
∫ 1

0
J0(αx)dxqJ0(α)J1(α)
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Formal Fourier - Bessel Explanations

Assume that f(x), defined in [0,1], possesses and expansion

f(x) =
∞
∑

n=1

AnJ0(αnx)

Then

∫ 1

0
xJ0(αmx)f(x)dx =

∞
∑

n=1

Am

∫ 1

0
xJ0(αnx)J0(αmx)dx

= Am

∫ 1

0
xJ2

0 (αmx) dx

= Am

J2
1 (αm)

2

Am =
2

J2
1 (αm)

∫ 1

0
xJ0(αm)f(x) dx

Initial and Boundary Problem for the Vibrating Membrane

We have, for the displacement w(r, t) in radially symmetric vibrations

1

r

∂

∂r

(

r
∂w

∂r

)

=
1

c2
∂2w

∂t2
0 ≤ r ≤ a

w(0, t) exists and w(a, t) = 0

Also w(r, 0) = f(r) 0 ≤ r ≤ a
∂w

∂t
(r, 0) = 0 0 ≤ r ≤ a

Choose a - unit of length and choose unit on time so that c = 1. Also replace
r by x, giving

1

x

∂

∂x
x
∂w

∂x
=
∂2w

∂t2

w(0, t) exists and w(1, t) = 0

Also w(x, 0) = f(x)
∂w

∂t
(x, 0) = 0

Assume w(x, t) =
∞
∑

n=1

J0(αnx)φn(t)

This satisfies the boundary conditions

1

2
J2

1 (αn)φn(t) =
∫ 1

0
xw(x, t)J0(αnx)dx
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1

2
J2

1 (αn)φ̈n(t) =
∫ 1

0
xJ0(αnx)

∂2w

∂t2
(xt) dx

=
∫ 1

0
J0(αnx)

∂

∂x

(

x
∂w

∂x

)

dx

=

[

J0(αnx)x
∂w

∂x

]1

0

−
∫ 1

0
x
∂w

∂x

d

dx
J0(αnx)dx

= 0 +

[

−wx
d

dx
J0(αnx)

]1

0

+
∫ 1

0
w
d

dx
x
d

dx
J0(αnx) dx

= 0 +
∫ 1

0
w[−α2

nxJ0(αnx)] dx

= −α2 ·
1

2
J2

1 (αn)φn(t)

Therefore
φ̈(t) + α2

nφ(t) = 0

and
φn(t) = An cos(αn(t) +Bn sin(αnt))

w(x, 0) = f(x) 0 ≤ x ≤ 1
∂

∂t
w(x.0) = 0 0 ≤ x ≤ i

Therefore

f(x) =
∞
∑

0

J0(αnx)φn(0)

0 =
∞
∑

9

J0(αnx)φ̇n(0)

φ̇n = 0, φn(0) ·
1

2
J2

1 (αn) =
∫ 1

0
xJ0(αnx)f(x) dx

i.e. Bn = 0 An =
2

J2
1 (αn)

∫ 1

0
xJ0(αnx)f(x) dx

Hence we have the series solution for w(x, t)

w(x, t) =
∞
∑

1

J0(αnx) cosαnt
2

J2
1 (αn)

∫ 1

0
yJ0(αny)f(y) dy
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Alternative procedure

Solutions of the differential equation bounded at x = 0
are J0(kx)[A cos kt+ sin kt]
This satisfies the boundary conditions w(1, t) = 0 if J0(k) = 0 thus
k = α1, α2, . . .

The solution also satisfies
∂w

∂t
(x0) = 0 if Bn = 0.

Formally the series
∞
∑

n=1

AnJ0(αnx) cosαnt satisfies both boundary conditions

and the initial conditions on
∂w

∂t
. Therefore as w(x0) = f(x) thus

f(x) =
∑

AnJ0(αnx) Therefore

An ·
1

2
J2

1 (αn) =
∫ 1

0
xJ0(αnx)f(x) dx.

Example

f(x) = 1−
J0(kx)

J0(k)

k real and J0(k) 6= 0
∫ 1

0
xJ0(αnx)J0(kx)dx =

J0(k)αnJ1(αn)− J0(αn)kJ1(k)

α2
n − k2

= J0(k)
αnJ1(αn)

α2
n − k2

k = 0 gives
∫ 1

0
xJ0(αnx)dx =

J1(αn)

αn
∫ 1

0
xJ0(αnx)f(x)dx = J1(αn)

{

1

αn
−

αn

α2
n − k2

}

=
k2J1(αn)

αn(k2 − α2
n)

Hence in this case:

w(x, t) =
∞
∑

n=1

J0(αnx) cosαnt ·
2k2

αn(k2 − α2
n)

1

J1(αn)

Since αn = O(n) for large N , and J1(αn) = O





1

α
1
2
n



 = O

(

1

n
1
2

)

Then the coefficient of J0(αnx) cos(αnt) is O
(

1

n
5
2

)
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Solution of a linear differential equation by definite integral (or a
contour integral)

Preliminary Remarks

Consider the differential equation

xφ(D)y + ψ(D)y = 0

where

φ(p) = a0p
n + a1p

n−1 + . . .+ an

ψ(p) = b0p
m + b1p

m−1 + . . .+ bm

Seek a solution

y =
∫ b

a
epxK(p)dph.2inot y =

∫

C
epxK(p)dp

where K(p) is to be found and a, b (or C) are also to be found (and are
independent of x.)
Then

φ(D)y =
∫ b

a
φ(D)epxK(p)dp

=
∫ b

a
φ(p)epxK(p)dp

ψ(D)y =
∫ b

a
ψ(p)epxK(p)dp

then xφ(D)y =
∫ b

a
xepxφ(p)K(p)dp

=
∫ b

a

d

dp
(epx)φ(p)K(p)dp

= [epxφ(p)K(p)]ba −
∫ b

a
epx

d

dp
(φ(p)K(p))dp

Hence

xφ(D)y+ψ(D)y = [epxφ(p)K(p)]ba+
∫ b

a
epx

{

ψ(p)K(p)−
d

dp
φ(p)K(p)dp

}

dp

(i) Choose K(p) so that the integrand is zero. i.e.

d

dp
{φ(p)K(p)} = ψ(p)K(p) =

ψ(p)

φ(p)
φ(p)K(p)
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therefore

φ(p)k(p) = C exp

{

∫ p ψ(q)

φ(q)
dq

}

Note: if all the zeros of φ are simple

ψ

φ
=

n
∑

1

ar

q − qr
⇒
∫ p ψ

φ
= log(p− pr)

ar

Therefore Kr =
n
∏

1

(p− pr)
ar−1

(ii) when K(p) is known we choose a and b (or C) so that

[epxK(p)φ(p)]ba = 0

Consider Bessel’s equation on order n







(

x
d

dx

)2

+ x2 − n2







y = 0

x2

{

d2y

dx2
+ y

}

+ x
dy

dx
− n2y = 0

Substitute y = xnz

x
dy

dx
= xn

{

x
d

dx
+ n

}

(

x
d

dx

)2

y = xn
{

x
d

dx
+ n

]2

z

= xn







(

x
d

dx

)2

+ 2nx
d

dx
+ n2







z

= xn
{

x2 d
2

dx2
+ (2n+ 1)x

d

dx
+ n2

}







(

x
d

dx

)2

+ x2 − n2







y = xn
{

x2 d
2

dx2
+ (2n+ 1)x

d

dx
+ x2

}

z

= xn+1

{

x

(

d2

dx2 1

)

+ (2n+ 1)
d

dx

}

z
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Hence y satisfies Bessel’s equation if z satisfies

{

x

(

d2

dx2
+ 1

)

+ (2n+ 1)
d

dx

}

z = 0

Consider a solution for z of the form
∫ b

a
eitxK(t)dt

Then
{

x

(

d2

dx2
+ 1

)

+ (2n+ 1)
d

dx

}

∫ b

a
eitxK(t)dt

=
∫ b

a
{x(1− t2) + (2n+ 1)it}K(t)eitxdt

=

[

1− t2

i
eitxK(t)

]b

a

+
∫ b

a
eitx

[

−
d

dt

{

1− t2

i
K(t)

}

+ it(2n+ 1)K(t)

]

dt

Hence choose K(t) so that

d

dt
(1− t2)K(t) = −(2n− 1)tK(t)

K(t) = c(1− t2)n−
1
2

hence a solution of Bessel’s equation is

y = xn
∫ b

a
eitx(1− t2)n−

1
2dt

if a and b are chosen so that

[(1− t1)n+ 1
2 eitx]ba = 0

Suppose n > −1
2
and also x is real and positive

[There is no difficulty if x = z is complex]

Admissible Pairs of limits

(i) (−1,+1)
(ii) (−1,−1 + i∞)
(iii) (+1,+1 + i∞)
PICTURE

14



These integrals must be linearly dependent since that are solutions of a second
order equation. With proper specification of (1 − t2)n−

1
2 the relation is 1 =

(ii) - (iii)
Consider ∫

eitx(1− t2)n−
1
2dt

round the contour shown.
PICTURE
We choose that branch of (1 − t2)n−

1
2 which is real and positive on AA′.

i.e. arg(1 − t) = 0, arg(1 + t) = 0 on AA′. AS t passes from a to b round
AB arg(1− t) decreases by π

2
; as t passes from A′ to B′ round A′B′ arg(1+ t)

increases byπ
2
. Since the integrand eitx(1 − t2)n−

1
2 is now one-valued and

regular on and inside the countour, by Cauchy’s Theorem we have

∫

{A′A}
=
∫

{A′A}
+
∫

{B′C′}
+
∫

{CB}
+
∫

{C′C}
+
∫

{A′B′}
+
∫

{BA}

We show

(a) lim
h→∞

∫

{C′C}
= 0

(b) lim
ε→∞

∫

{A′B′}
= lim

ε→∞

∫

{BA}
= 0

We shall then have

∫ 1

−1
eitx(1− t2)n−

1
2dt =

∫ −1i∞

−1
eitx(1− t2)n−

1
2 −

∫ 1+i∞

1
eitx(1− t2)n−

1
2

i.e.
(i) = (ii)− (iii)

since the limits if the three integrals exist as ε→∞ if n > − 1
2
and as h→∞.

on CC ′, |1− t2| = PX · PX ′ ≤ C ′X · CX ′ = h2 + 4
|eitx| = |eix(u+ih)| = e−x+h

Therefore |
∫

CC′| ≤ e−xa(h2 + 4)n−
1
2 · 2→ 0 as h→∞

on AB we have t− 1 = εetθ Therefore |t− 1|n−
1
2 = εn−

1
2

eitx(t2− 1)n−
1
2 is bounded in the neighbourhood of t = 1 with bound M say.

Therefore |eitx(t2 − 1(n−
1
2 | ≤Mεn−

1
2

Thus
∣

∣

∣

∣

∫

AB

∣

∣

∣

∣

≤Mεn−
1
2 ·
π

2
ε
Mπ

2
en−

1
2 → 0 as ε→ 0

Similarly
∫

B′A′
→ 0 as ε→ 0 (n > −1

2
)

15



Hence we have the following solutions of Bessel’s equation

(i) xn
∫ 1

0
eitx(1− t2)n−

1
2dt

(ii) xn
∫ −1+i∞

−1
eitx(1− t2)n−

1
2dt

(iii) xn
∫ +1+i∞

+1
eitx(1− t2)n−

1
2dt

Series Expansions of (i)

(i) = xn
∫ 1

−1
(i− t2)n−

1
2

∞
∑

0

(itx)m

m!
dt

the series for all x, t absolutely and uniformly.

(i) = xn
∞
∑

m=0

(ix)m

m!

∫ 1

−1
tm(1− t2)n−

1
2dt

∫ 1

−1
tm(1− t2)n−

1
2dt = 0if m is odd

∫ 1

−1
t2m(1− t2)n−

1
2dt = 2

∫ 1

0
t2m(1− t2)n−

1
2dt

= 2
∫ 1

0
um(1− u)n−

1
2 ·

1

2
u

1
2du

=
∫ 1

0
um−

1
2 (1− u)n−

1
2du

=
Γ(n+ 1

2
)Γ(m+ 1

2
)

Γ(m+ n+ 1)

⇒ (i) = xn
∞
∑

m=0

(ix)2m

(2m)!

γ(n+ 1
2
)Γ(m+ 1

2
)

Γ(m+ n+ 1)

Γ(m+ 1
2
)

(2m)!
=

Γ(1
2
)1

2
3
2
· · ·m− 1

2

1 · 2 · 3 · · · (2m− 1)2m

=
Γ(1

2
)

22m ·m!

⇒ (i) = Γ(n+
1

2
)Γ
(

1

2

)

xn
∞
∑

m=0

(−1)m
(

x
2

)2m

m!Γ(m+ n+ 1)
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= 2nΓ(n+
1

2
)Γ
(

1

2

)

Jn(x)⇒ Jn(x)

=
1

2nΓ(n+ 1
2
)Γ
(

1
2

) × (i)

Hanbel Functions of order n (Bessel functions of the third kind)

Definition

H(1)
n (x) = −2

(

1

2nΓ(1
2
)Γ(n+ 1

2
)

)

· (iii)

H(2)
n (x) = 2

(

1

2nΓ(1
2
)Γ(n+ 1

2
)

)

· (ii)

Then

Jn(x) =
1

2
(H(1)

n (x) +H(2)
n (x))

we also define

Yn(x) =
1

2i
(H(1)

n (x)−H(2)
n (x))

Alternative integral representation of H(1)
n

(x) and H(1)
n

(x)

In the integral representation for H (1)
n (x), arg(1−t) = −π

2
Therefore we write

(1− t) = ηe−
πi
2

(=−iη. Where η goes from 0 to∞ through real values as t goes
from 1 to 1 + i∞. Thus

(1− t)n−
1
2 e−

πi
2

(n− 1
2
)

Also

(1 + t) = 2− (1− t) = 2− ηe−
πi
2 = 2(1 +

iη

2
)

⇒ (1 + t)n−
1
2 = 2n−

1
2 (1 +

in

2
)n−

1
2

⇒ (1− t)n−
1
2 = 2n−

1
2ηn−

1
2 e−

πi
2

(n− 1
2
)
(

1 +
iη

2

)n− 1
2

eitx = eix(1+iη) = eixe−xη

dt = −e−
πi
2
dη

⇒ eitx(1− t2)n−
1
2dt = 2n−

1
2 ei(x−

nπ
2

+ pi

4
)e−xηηn−

1
2

(

1 +
iη

2

)n− 1
2

dη

⇒ H(1)
n (x) =

2
1
2xnei(x−

nπ
2
−π

4
)

Γ(1
2
)Γ(n+ 1

2
)

∫ ∞

0
e−xηηn−

1
2

(

1 +
iη

2

)n− 1
2

dη (I)
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In the integral for H (2)
n (x) arg(t+1) = π

2
Therefore (t+1) = ηe

πi
2 = iη where

η goes from 0 to ∞ as t goes from -1 to +1 + i∞ we get similarly

H(2)
n (x) =

2
1
2xne−i(x−

nπ
2
−π

4
)

Γ(1
2
)Γ(n+ 1

2
)

∫ ∞

0
e−xηηn−

1
2

(

1−
iη

2

)n− 1
2

dη (I)

[Note: when x is real and positive, H (1)
n (x), H(2)

n (x) are complex conjugates.
Therefore 1

2
[H(1)

n (x) +H(2)
n (x)] is real, so is 1

2i
[H(1)

n (x)−H(2)
n (x)].]

Finally substitute ηx = u in both integrals. For real and positive u goes from
0 to ∞ as η goes from 0 to ∞

H(1)
n (x) =

(

2

x

)

1
2 1

Γ(1
2
)

ei(x−
nπ
2
−π

4
)

Γ(n+ 1
2
)

∫ ∞

0
e−uun−

1
2

(

1 +
iu

2x

)n− 1
2

du

H(2)
n (x) =

(

2

x

)

1
2 1

Γ(1
2
)

e−i(x−
nπ
2
−π

4
)

Γ(n+ 1
2
)

∫ ∞

0
e−uun−

1
2

(

1−
iu

2x

)n− 1
2

du

Asymptotic Expansions of
∫ ∞

0

e−uun−1

2

(

1±
iu

2x

)n−1

2

du

We consider the case n = 0 i.e.
∫ ∞

0
e−uu−

1
2

(

1±
iu

2x

)− 1
2

du

We apply Taylor’s formula

f(t) =
n−1
∑

r=0

f (r)(0)tr

r!
+

1

(n− 1!)

∫ t

0
(t− s)n−1f (n)(s)ds

to the function (1− t)−
1
2 this gives

(1− t)−
1
2 =

n−1
∑

r=0

1
2
· 3

2
· · · r − 1

2

r!
tr +

1
2
· 3

2
· · ·n− 1

2

(n− 1)!

∫ t

0
(t− s)n−1(1− s)−n−

1
2ds

the last term is
1
2
· 3

2
· · ·n− 1

2

(n− 1)!
tn
∫ 1

0
(1− v)n−1(1− tv)−n−

1
2dv

writing t =
u

2ix
(

1−
u

2ix

)− 1
2

=
n−1
∑

r=0

1
2

3
2
· · ·n− 1

2

r!

un

(2ix)n
+ rn

(

u

x

)
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rn

(

u

x

)

=
1
2

3
2
· · ·n− 1

2

(n− 1)!

ur

(2ix)r

∫ 1

0
(1− v)n−1

(

1−
u

2ix
v

)−n− 1
2

dv

If x is real and positive

∣

∣

∣

∣

1−
u

2ix
v

∣

∣

∣

∣

=

(

1 +
u2v2

4x2

)
1
2

≥ 1

Therefore

∣

∣

∣

∣

rn

(

u

x

)∣

∣

∣

∣

≤
1
2

3
2
· · ·n− 1

2

n!

un

(2x)n

∫ 1

0
(1− v)n−1 · 1dv

=
1
2

3
2
· · ·n− 1

2

n!

un

(2x)n

Hence

∫ ∞

0
e−uu−

1
2

(

1−
u

2ix

)− 1
2

du =
n−1
∑

r=0

1
2

3
2
· · · r − 1

2

r!

1

(2ix)r

∫ ∞

0
e−uyr−

1
2du+Rn(x)

Rn(x) =
∫ ∞

0
e−uu−

1
2 rn

(

u

x

)

du

∫ ∞

0
e−uur−

1
2du = Γ(r +

1

2
= Γ

(

1

2

)

1

2
·
3

2
· · · r −

1

2

Also

|Rn(x)| ≤
∫ ∞

0
e−uun−

1
2

∣

∣

∣

∣

rn
u

x

∣

∣

∣

∣

du

≤
1
2
· 3

2
· · ·n− 1

2

n!

1

(2x)n

∫ ∞

0
e−uun−

1
2du

Therefore

∫ ∞

0
e−uu−

[
12
(

1−
u

2ix

)− 1
2

du = Γ
(

1

2

) n−1
∑

r=0

[1
2

3
2
· · · r − 1

2
]2

r!

1

(2ix)r
+ R̄nx̄

Where |R̄n| ≤
[1
2
· 3

2
· · ·n− 1

2
]2

n!

1

(2x)n
· lim
x→∞

xn−1 = 0

There the series is the asymptotic expansion of the left hand side.
(

In fact Rn = 0
(

1
xn

))
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Divergence of the Infinite series

The D’Alernbert ratio is
∣

∣

∣

∣

∣

(n+ 1
2
)2

n
·

1

2ix

∣

∣

∣

∣

∣

=
1

2x

(n+ 1
2
)2

n

which tends to infity for and x.

Asymptotic Expansion of H
(1)
0 (x)H

(2)
0 (x)

H
(1)
0 (x) ∼

(

2

πx

)

1
2

ei(x−
π
4
)
∞
∑

r=0

[

1
2

3
2
· · · r − 1

2

]2

r!

1

(2ix)r

H
(2)
0 (x) ∼

(

2

πx

)

1
2

e−i(x−
π
4
)
∞
∑

r=0

[

1
2

3
2
· · · r − 1

2

]2

r!

1

(2ix)r

where the remainder after the term in
1

xn−1
has modulas ≤ |term in 1

xn
|

Write

A(x) =
1

2

1

Γ(1
2
)

[

∫ ∞

0
e−uu−

1
2

(

1−
u

2ix

)− 1
2

du+
∫ ∞

0
e−uu−

1
2

(

1 +
u

2ix

)− 1
2

du

]

B(x) =
1

2

1

Γ(1
2
)

[

∫ ∞

0
e−uu−

1
2

(

1−
u

2ix

)− 1
2

du−
∫ ∞

0
e−uu−

1
2

(

1 +
u

2ix

)− 1
2

du

]

H
(1)
0 (x) =

(

2

πx

)

1
2

ei(x−
π
4
)[A(x) + iB(x)]

H
(2)
0 (x) =

(

2

πx

)

1
2

e−i(x−
π
4
)[A(x)− iB(x)]

J0(x) =
1

2

(

H
(1)
0 (x) +H

(2)
0 (x)

)

=
(

2

πx

)

1
2
[

A(x) cos
(

x−
π

4

)

−B(x) sin
(

x−
π

4

)]

Y0(x) =
1

2i

(

H
(1)
0 (x)−H

(2)
0 (x)

]

=
(

2

πx

)

1
2
[

A(x) sin
(

x−
π

4

)

−B(x) cos
(

x−
π

4

)]

The general Bessel function of zero order is
A1J0(x) +B1Y0(x) = C(cosxJ0() + sinxY0(x))
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From the definitions of A(x) and B(x)

A(x) ∼
∞
∑

r=0

[1
2

3
2
· · · 2r − 1

2
]2

(2r)!

(−1)r

(2x)2r

B(x) ∼
∞
∑

r=0

[1
2

3
2
· · · 2r + 1

2
]2

(2r + 1)!

(−1)r+1

(2x)2r+1

Zeros of a Bessel Function of zero order

The zeros are given by cot(x−
π

4
− α) =

B(x)

A(x)

A(x) = 1 +O

(

1

x2

)

B(x) = −
1

8x
+O

(

1

x3

)

Therefore
A(x)

B(x)
= −

1

8x
+O

(

1

x3

)

Therefore for large x, the zeros are approximately given by cot(x− π
4
−α) = 0

i.e. x−
π

4
− α =

(

k +
1

2

)

π k = large integer.

x = α +
(

k +
3

4

)

π

Asymptotic Expansions of H
(1)
0 (x) & H

(2)
0 (x)

H
(1)
0 (x) ∼

(

2

πx

)

1
2

ei(x−
nπ
2
−π

4
)
∞
∑

m=0

(−1)m(m,n)

(2ix)m

H
(2)
0 (x) ∼

(

2

πx

)

1
2

e−i(x−
nπ
2
−π

4
)
∞
∑

m=0

(−1)m(m,n)

(2ix)m

where (0, n) = 1.

(m,n) =
(4n2 − 12)(4n2 − 32) · · · (4n2 − (2m− 1)2)

22mm!
There expansion are only useful when x >> n

Bessel Functions of order (k+ 1

2
)k = 0,1, · · ·

We have

Jn(x) =
∞
∑

m=0

(−1)m
(

x
2

)n+2m

m!Γ(n+m+ 1)

J 1
2
(x) =

(

2

πx

)

1
2

sinx J− 1
2
(x) =

(

2

πx

)

1
2

cos x
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J 1
2
(x) =

∞
∑

m=0

(

x

2

) 1
2 (−1)mx2m

22mm!Γ(m+ 3
2
)

22mm!Γ(m+
3

2
) = 22mm!Γ(

3

2
)
3

2

5

2
· · ·m+

1

2

= Γ(
3

2
)2 · 4 · · · 2m3 · 5 · · · (2m+ 1)

= (2m+ 1)!Γ(
3

2
)

= (2m+ 1)!
1

2
Γ(

1

2
)

⇒ J 1
2
(x) =

(

x

2

)
1
2 1

1
2
Γ1

2

∞
∑

m=0

(−1)mx2m

(2m+ 1)!

=
(

2x

π

)

1
2 sinx

x

=
(

2

πx

)

1
2

sin x

Similarly

J− 1
2
(x) =

(

2

πx

)

1
2

cos x

H
(1)
1
2

= −ieix
(

2

πx

)

1
2

H
(2)

− 1
2

= ie−ix
(

2

πx

)

1
2

H
(1)

k+ 1
2

(x) = −2
(

x

2

)k+ 1
2 1

Γ(1
2
Γ(k + 1)

∫ 1+i∞

1
eitx(1− t2)kdt

= −2
(

x

2

)k+ 1
2 1

Γ(1
2
)k!

(

1 +
d2

dx2

)

∫ 1+i∞

1
eitxdt

= 2
(

x

2

)k+ 1
2 1

Γ(1
2
)k!

(

1 +
d2

dx2

)

eitx

x

=
ex

x
1
2

{Polynimial in
1

x
, degree k}

The functions H
(1)

k+ 1
2

(x), H
(2)

k+ 1
2

(x) are called spherical Bessel functions. They

arise in solution of the wave equation in spherical Polar coordinates.
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Radially Progressive Waves in two dimensions

We had for the membrane

∇2
1w =

1

c2
∂2w

∂t2
∇2

1 =
∂2

∂x2
+

∂2

∂y2

and found solutions (in the case of radial symmetry)

w = [AJ0(kr) +BY0(kr)] cos(wt+ ε) k =
w

c

assuming the form
w = f(r)eiwt

(real parts to be taken eventually) we find similar form

w = [A1H
(1)
0 (kr) + A2H

(2)
0 (kr)]eiwt

since

H
(1)
0 (kr) ∼

(

2

πkr

)

1
2

ei(kr−
π
4
) as r →∞

H
(2)
0 (kr) ∼

(

2

πkr

)

1
2

ei(kr−
π
4
) as r →∞

we get

H
(1)
0 (kr)eiwt ∼

(

2

πkr

)

1
2

ei(w(t+ r
c
)−π

4
)

H
(2)
0 (kr)eiwt ∼

(

2

πkr

)

1
2

ei(w(t− r
c
)−π

4
)

The first repents a wave converging to the origin with velocity c, the second
a wane diverging from the origin with velocity c.
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