Question
An anti-clockwise rotation of the plane (centre the origin) through an
angle a corresponds to the matrix

o= Spie) o)

and the reflection of the plane in the line through the origin making an
angle 3 with the x-axis (where 3 is measured anti-clockwise) corresponds to
the matrix

cos(20) sin(2(3)
S(B) = ( sin(26) — cos(23) ) :

Show that
(i) C(a)C(y) = C(a+7) (arotation followed by a rotation gives a rotation);

(i) C(a)S(B) = S(zﬁ%) (a reflection followed be a rotation gives a reflec-
tion);

(iii) S(B)C(a) = S(252) (a rotation followed by a rotation gives a reflec-
tion)

(iv) S(B)S(v) = C(28 — 27v) (a reflection followed by a reflection gives a
rotation)

(Hint: You will need the following expansions:
sin(A + B) = sin(A) cos(B) £ cos(A) sin(B)

cos(A + B) = cos(a) cos(B) F sin(A) sin(B) )

Answer
(i) cosa —sina cosy —sinvy
sina  cos«a siny  cos7y

B cosavcosy — sinasiny  —[sin «cosy + cos a sin ]
sin awcos7y 4+ cosasinvy  coS cos7y — sin a sin -y

( cos(a + ) —sin(a+ f) )
sin(a + 3)  cos(a + f3)
= Cla+7)
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(iii) (

@ (

sin23 —cos20

cos & —sinoz)(cosQﬁ sin 23 )

sin o

cos sin23 —cos20

cos2fBcosa —sin2f@sina sin 23 cos a 4 cos 23 sin «
sin 23 cos o + cos 2(3sina  —[cos 23 cos a — sin 23 sin /]

sin(26 4+ «) —cos(20 + «)

(26+a>

( cos(20 + a sin(26 + «) )
S

sinaw  cos«

cos2(  sin20 )(cosoz —sinoz)

cos2fB cosa +sin2fFsina sin2( cos a — cos 23 sin «
sin2f3 cos v — cos 2[sina  —[cos 23 cos a + sin 23 sin

(

cos(2 —a sin(20 — «
( (28 (26 ))
S

sin(26 — a) —cos(20 — «)

("2

cos23 sin2p ><COSQ’}/ sin 2y )

sin2(3 —cos2(

sin2y —cos2y

cos 23 cos 2y + sin2[sin 2y  —[sin 23 cos 2y — cos 23 sin 2]
sin 23 cos 2y — cos2(3sin2y  cos 2(3 cos 2y + sin 23 sin 2y

< cos(28 — 2y) —sin(28 — 27v) )
sin(28 —2y)  cos(26 — 27v)

C(26 - 27)



