Vector Algebra and Geometry

Differentiation of Vectors

Vector - valued functions of a real variable
We have met the equation of a straight line in the form

r=a-+tb

r therefore varies with the real variables t; corresponding to each value of ¢
we have a different vector r is a function of .

r need not be a position vector. For example if we have a curve mR%*r = z(t),
y = y(t), r(t) could denote the unit vector in the direction of the tangent
to the curve at the point t. r would again vary as t varies. Vector field
exs. magnetic field velocity field etc. In three dimensions if we have a vector
function a(t) then we can express it in terms of its components, a(t) =
ai(t)i+ ao(t) + as(t)k in cartesian. = ay(t), as(t), az(t) are now function:
R—R

By analogy with functions R — R we investigate differentiability of a vector
functiona(t) by investigating the quotient

a(t+h) —a(t)
h

If this vector has a limit as h — Owe say that a is differentiable at t

a(t+h)—a(t) a(t+h)—ai(t). as(t+h)—as(t). az(t+h)— as(t)
= 1+ J+ k
h h h h
If each of the components has a limit as does LHS conversely if LHS has a
limit, then taking the scalar product in turn with i, j, k proves that each
components has a limit.
Thus a(t) is differentiable if and only if its components are differentiable, and

da _day,  da, | dag
a dt T ad T a

Rules for differentiation

1. If A\, p are constants then

d da  db
Ralt) +ub(t)) = A+ p—r



2. If ¢(t) is a function R — R then

d da  do
oMalt)) =o— + —a

3.
d dbfb  da
%(a(t)-bt)—a- dt +E'
+ d dbfb  d
a
“H(@(t) x bt) = alt) x =+ b
. d dt da

. da . . . .. d’a
Since — 1is also a vector function we can define its derivative yro) ete.

The proof of one of these results will be given as an example. To differentiate

a(t) x b(t)
a(t+ h) x b(t + ) — a(t) x b(t)

)
_ a(t+ h) x (b(itf + h) —b(t)) n (a(t+h) —a(t))

5t ot X b(t)
— a(t) (fll;jtcc?]?xb(t) as h — 0
Example
d d
F et hatl 2
ind faf)],  la(r)
We do the second one first, for:
]a(t)d|2 =a(t) - a(t)d ] ]
9 a a a

fal T 4=9a. 2
So gl =2 T A=y
NOW ]a| =(a-a)2

d 1 d - da d
So %(a a): = 2(a-a)%%(aﬂ) = a| ‘dt =a- —?

Notice that if |a|=constant this implies

d d
%M = 0 but not d_?:()

d d d
For a - d—? = (0 implies d—? =0 OR d_a is perpendicular to a
. da
ie. o is perpendicular to a if a is a vector of constant magnitude (e.g. a

variable unit vector)



Geometrical Interpretation
Let r = r(¢) be the position vector of a point on a curve in space described
by means of the parameter ¢

PICTURE

PP =r(t+6t) —r(t)
As 8t — 0. The direction of PP’ tends towards that of the tangent vector at
P. -

dr i PP

dt o ot
so if this limit is nonzero then it is a vector whose direction is that of the
tangent.
Now suppose that the parameter is s, the length of arc from one point A on
the curve.

PICTURE

The length of are PP’ is approximately the same as the length of the chord
PP

So |PP'| =~ s

Thus r(s+0s) —r(s)
0s

~ 1

r
Thus as ds — 0 we have — = unit tangent vector at P.

ds

Example
Consider the curve x = acost y = asint

PICTURE

s
Measure are length from A, s= arc AP =atsot= —
a
So in terms of the parameter s,
s

- s
OP =r(s) = acos —i+ asin —j
a a

dr .S, S,
So — = —sin —i + cos —j

dsd a
Thus |—| =1

us |-




Also

dr <7r+s>i+, (7r+s),
— = cos|=+— sin { — + —
ds 2  a 2 a J

(W+t>'+ i (W+t)'
= COS | — 1 SIn { —
2 2 J

r
Thus Is is a unit vector obtained from r by rotating r through 90°. i.e. it
s

is a unit vector in the direction of the tangent.
Since r(t) = acosti+ acostj

dr it ;i dr
— = —@aSIntl a Ccos SO | —
dt 150

= a

However consider
r(t) = acos(t?)i+ asin(t?)j - still on circle |r(t)| = a but

d

d—; = —2atsin(t?)i + 2at cos(t?)j
d d

So -l Z#constant, neither is & is a constant. In fact when ¢t = 0, o 0
dt dt dt

Example in R3
Let r(t) = acosti+ asintj + btk
This represents a helix of radius a and pitch 27b

PICTURE

dr
i —asinti+ acostj + bk
dr

So — -k = b—constant.

Thus the tangent vector makes a constant angle with the vertical.

Physical Interpretation

If we now consider ¢ as a time parameter, and r(t) representing the position
of a particle at time ¢ than over a small interval of time, with the particle
moving roughly in a straight line, the quotient

[r(t +0t) —r(t)] _ distance traveled
ot " time taken

measures the average speed of the particle over the time interval from ¢ to
t + 6t. We then define

dr lim r(t + ot) —r(t)
dt ot—0 6t



to be the instantaneous velocity at time ¢, when r(t) is differentiable. Notice
that this nay not always exist, as when an impulse is applied, giving an
instantaneous change in speed and / or direction.

It is the relationship between velocity and derivative which enabled New-
ton to solve so many dynamical problems when he invented the differential
calculus.
In dealing with velocities there is a traditional notation, stemming from
Newton.

r
We use 1 to stand for —

The derivative of velocity is called acceleration, ¥. Another traditional nota-

tion is to use r for |r| (as it is easier to read in books)

r dlr
Notice the distance between r = o and r = %

Example: Motion in a circle

Suppose a particle is moving round a circle, radius a, with a uniform speed,

and it takes k seconds to perform one revolution. So in k seconds it travels

and are of 27wa. In t seconds it therefore travles an are of %T“t. We would
2ma

expect its speed to be =7%.

PICTURE

At time t 5

Arc AP = af = %t

2
Sol =—t
’ K 2 2

Thus r(t) = acos %ti + bsin %tj

So
; 2ra . 27rti n 2ma 27rt,

= ——sin — —— CcoS —
[ 2 g

oo oo 5))
= 7 cos 5 1+ sin 5 ]

_ 2ma
We see therefore that || = - =constant = v

(v is a letter often used for speed)
and the direction of r is that the tangent at P.

. 4Am%a 27rt, Am%a | 27rt,
 E— cos —ti — sin =—
2 K K g
2 21
= (%) o (— cos 6i — sin 6j)



2
so the magnitude || = — and the direction of 1 is towards the centre from
a

P.

Rotating unit vectors
We have already seen that if a(t) is a vector with |a| constant then a is

a
perpendicular —. I now want to analyse this situation a bit further.

Let 4(t) be a unit vector.
Fix an origin O and let (t) be the position vector od a point relative to O.

Let XOP = 0 the angle measured relative to some initial line OX through
0.
Then PP' = OP' — OP = §i
ou PP
0O — =
o ot
Since |OP| = |OP'| =1
- [PP'| _ 2sin3d8  singdb o0
ot ot 500 ot
Thus if p(t) is the vector perpendicular to u(t) in the direction of § increasing
we have

Radial and transverse components velocity and acceleration
Suppose a particle P is moving in some path, described in polar co-ordinates,
so that the co-ordinates of P at time ¢ are (r(t),6(t))

At the point P we wish to consider the components of velocity and acceler-
ation in the direction of the unit vectors # and 6

PICTURE



Notice that as P moves along the curve the directions of 7 and 6 change.
They are rotating unit vectors.

Now r = OP = r#* (remember r = |r|)

So the velocity is given by:

de _dr LA i
at ot T T

So the radial component of velocity is 7 and the transverse component is 0
To find the acceleration we differentiate again

. odr o .db
r = rr—i—?“%—i-ree—l—r&@—kr@%
= 77 +700 4+ 700 +r00 —r0 - 07
= (F—r(0)>)F + (270 + r6)d
So the radial component acceleration is # — rf? The transverse component, of
acceleration is 270 + 10 = ——(r
rdt
Angular velocity

0 defines the angular speed of a particle. Suppose a particle is moving in a
circle centre O, so that r is constant.

Then @ — 0
dt

Let i = 7 x § and let w = A

Then
wxr = rh(Fx0) x 7
= r0((7- )0 — (7 - O)F)
= réf
So
E s
dt

w is called the angular velocity vector.
In general if 7 os not constant

dr

%:W—i—r&'é:r‘f—i—wxr

Example



A particle moves along the equiangular spiral r = e’ with constant angular
velocity about the origin. Prove that the acceleration is at right angles to
the radius vector and proportional to its length.
w = ¢n is constant. So  is constant.
r:e(’.sof.:egﬁzrﬁ
i =70 = r(0)?
So the acceleration is given by
i= (F—r(0)*)F + (270 + r00)
= (r6® — r6)7 4 21020

. A

= 2r(0)%0

So i is perpendicular ¥ and |t| = r(6)?

or r as 6 is constant.

Tangential and normal components of velocity and acceleration
PICTURE

s is the path length measured from a fixed point on the curve

VTt T dsdt

dr drds _A (dr
st 5

s t already established)
= ol (v is speed)

It makes physical sense to say that the velocity is the rate at which the
particle is traveling along the path, and that the direction of travel at any
instance is equal to the tangential direction at that point.
Differentiating again gives

i

r=st+s 7
t is a rotating unit vector, that angle of rotation being measured by the angle

s
. S0 — = ¢n
¢. So o A(bn .
Thus r = §t + s¢n
. do d¢ ds
N = — = — ¢ —
VO= U T ds i

T measures how fast the angle ¢ is changing as we move along the curve. It
S

gives a measure of how rapidly the curve is turning so we call it the curvature
denoted by &

Example

Consider a circle



PICTURE

r =ar = acosti+ asintj
Measure are length from A. Then s(t) = at.

d¢
dp dy ar \dt) 1

ds  dt ds ds T a
dt

1
radius

So curvature =

ds 1
For a general curve we call @ =@ the radius of curvature p.
ds

.8
So we have ¢ = —
P

. N 52 ~ . . N2 A

Thus ¢ = §7 + —n or I = §t + p(¥)°n

It follows immediatly that if a particle is moving at unifrom speed along a

curve, § = 0 and so the acceleration is normal to the curve.

Also if the particle moves so that @) = constant the the normal component is

proportional to the radius of curvature.

Example
A particle moves on the curve

y = logsecx

in such a way that the tangent to the curve at the point where the particle
is rotates at a uniform rate.
i.e. 1 = constant = k.

Now y = logsecx = —logcosx and so y = tanzz Let r = 21 + yj
So the velocity id given by

r = zi + 2 tan zj

The speed is therefore

7| = |z[\/1+ tan?z = |@]|secx = v

~V
The unit tangent vector to the path is given by t = — = coszi + sin zj
v

di .
Now — = ¢n
oW il YN



L |di
So ¢ = = | — sinxdi+ cos xij| = | %]
Thus |Z| = k so & is a constant.

The acceleration is given by
i = isec? zij = i%sec’ zj = v?j

as & is constant.

So the acceleration is in the direction parallel to the y-axis.
ds .

Nowv—é——¢w—pk

So v? = k?p?

Thus the acceleration is proportional to p?

Motion with a rotating frame.

Suppose we have a plane uniformly rotating with respects to a fixed plane
(like a gramophone turntable). Fix a pair of axis in the rotating plane.

PICTURE

so p and gare rotating unit vectors, and 6 =constant= w

Support a particle is moving around in the rotating plane and that its position
vector at time ¢ is r(¢). We find the components of r(t) with respects to p
and ¢, so

i(t) = P()p + Q1)
The velocity is given by

() = POp+POD + Q1)+ Q)
_ B PL) i+ OB+ Q)
= (P rwQ)pt (Ot wP)

It acceleration is then given by

i(t) = (P—wQ)p+(P—wQ) wi+(Q+wP)j—(Q+wP)wp
= (P —2w@Q = w*P)p+ (Q + 2wP — w?Q)q
= (Pp+Qd) + 2w(—Qp + P§) — w*(Pp + Qq)
So this consists of three terms

(i) Pp+ Q4 if the acceleration of the particle relative to the rotating system.

(ii) 2w(—QqG + Pq) is the acceleration of the particle due to its velocity with
in the rotating system

10



(iii) —w?(Pp + Qg) = —w?r is the acceleration towards the centre due to
the rotation of the system itself.

Special cases

(i) if the system is not rotating so w = 0 then ¥ = Pp + Qg - the normal
acceleration.

(ii) If the particle is stationary relative to the rotating system then P and
Q are constant and I = —w?r - motion in a circle.

Example
An insect crawls outwards along the spoke of a bicycle wheel rotation with
uniform angular velocity w. The insect crawls with uniform speed u relative
to the spoke.
Let p be the unit vector along the insect’s spoke so P=u,Q=0and Q=0
Thus the velocity is

r=up+ wkPq

1

wP
direction tan™" —— to spoke and the acceleration is
u

i = —w?Pp+ 2wug

2u
direction tan™* <——> to spoke
wp

PICTURE

Differential Geometry of curves in space
Suppose we have a curve in space described parametrically as

r(t) =xt)i+y)j+z0)k

d
We have already seen that if d—; = 0, then it is parallel to the tangent vector

- dr .
t, and that if the parameter is the arc length s then s t.
s

(Note: I have used u as the parameter rather then t to avoid confusion with
t)

. d . . . di dt .
Now since t -t = 0 then —(¢-¢) =0 So t- — = 0 So — is perpendicular to
; ds ds ds

t
Then we write s = gn with K > 0.
s

11



~

dt
The magnitude of —(= k) measures how fast the tangent is turning with

respects to the are length and it is called curvature. 7 is called the principle
unit normal.

We then choose b so that t, n, b. form a right-handed system at the point
on the curve.

ie. b=t xn

b is called the binormal vector

Now
db d . .
= d—gxfm—fx£
- ds ds
-~ dn
= X —
s

~ ~

- db AN
So — is perpendicular to t. Also Is is perpendicular to b as b is a unit vector.
S

ds )
db . . . db -
Thus 75 S parallel to n ( or —n). — measures the rate at which b rotates
with respect to are length. It measures the amount of twist or torsion. We
choose the torsion so that it is positive if the rotation about £ is right handed
as s increases, and negative if it is left handed. This means that we need to
write

db X
— = —TN
ds
Now 7 =t x t so
an-_ d—[;xf%—l;xd—g
ds  ds ds

= —Tn Xt+bXkKn

= 74—kt
The three formulae we have found

di  db dn

=—1 — =7b— kKt

ds ds ds
are known as the Serret-Frenet formulae.

Example
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Consider the helix
r = cosui + sinuj + uk

Clearly from this formula we can calculate derivatives with respect to u. So

U
to calculate derivatives with respect to s we shall need to know s
s
dr
du
dr

The unit tangent vector is 7s
S

(i)
Sf:dr— du

1
— — = —=(—sinui+ cosuj + k)

ds N du \/§
dr B dr du du 1

= —sinui 4 cosuj + k

dt  dt du 1

Now :‘i?jl = % = % . % = 5(—COSUi — Sint)
dt . . .
=7 =3 (same at all points), so 7 = — cos ui — sin uj
s

The principle normal is therefore parallel to the i — j plane and the points
are inwards towards the k axis.

Now b =1 x i = —(sinui — cosuj + k
A @( j+k)
q ~db db du 1< i + sinj) 1.
and —7h = — = — - — = —(cosui +sinj) = —=n
ds du ds 2 J 2
1 )
SOT:§—Same at all points.

dn dn du 1

Al i 1
6 B 11(, . '—l—k) 11
Th =Kkt = ———=(sinui— cosu, e

21\/5 . 22

= —(sinui — cosuj)

Now sinui — cos uj)

(—sinui + cosuj + k

S

Which verifies the third Serret Frenet formula in this case.

Now the plane containing the tangent and principle normal at a point (called
the osculating plane) has the binormal as a normal vector.

So for the helix, at the point u, its equations is

(sinu)xr — (cosu)y + z =k

k = (sinu)cosu — cosusinu +u = u

So the equation is
(sinu)z — (cosu)y +z =u

13



e.g. at the point v = 7 the equations is

L]
T Z = =T
2

The plane containing the tangent and binoraml is called the rectifying
plane and it has n as a normal vector. So for the helix at the point wu,
its equations is

(—cosu)r + (—sinu)y = (—cosu)(cosu) + (—sinu)(sinu) = —1

So the equation is
(cosu)x + (siny) = 1

e.g. at the point u = 7 the equation is
y=1

The plane containing the normal and binormal is the normal plane, having
¢ as a normal vector. It equation is

(—sinu)x + (cosu)y + z = (—sinu)(cosu) + (cosu)(sinu) + u

le.
(—sinu)x + (cosu)y +z = u
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