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MA101 Calculus - Outline Notes: Tangent Planes and Normals to Surfaces

Prerequisite: MA103 equations of lines and planes.

For a curve we have a tangent line at a point. For a surface we have a tangent plane at a point. On page 711 of Adams the equation of a tangent plane is found using vectors. You should study this as it will be useful revision for the cross-product from MA103.

The Equation of the Tangent Plane

Suppose we have a surface with equation 
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 and we want the equation of the tangent plane 
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 on the surface.

The gradient of the plane in the x-direction must be the same as the gradient of the surface in the x-direction, so that the partial derivatives with respect to x for the two equations must be the same at the point P.

For the plane 
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 For the surface 
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 at the point P. Therefore 
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 So the tangent plane has equation 
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 To fond the value of 
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 we note that the plan has to pass through the point P whose co-ordinates must therefore satisfy the equation of the plane. Therefore
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 This gives 
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 which we can substitute in the equation of the plane and rearrange it to get
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A Common Mistake

Notice that in the equation of the tangent plane the partial derivatives must be evaluated at the point 
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 will be numbers. They do not involve the variable x and y. 

The Equation of the Normal Line

To find the equation of the normal, recall from MA103 that the equation of a line through the point 
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,

,

(

c

b

a

 is of the form 
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 unless the line is parallel to one of the co-ordinate axes or planes. We shall ignore those special cases here - you should investigate them for yourself.

Now the normal to the surface is perpendicular to the tangent lines in both the x-direction and the  y-direction. Using the fact that the product of the gradients will therefore be 
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 we have 
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 provided the partial derivatives are non-zero (if they are then we have one of the exceptional cases noted above). We can now substitute for K and H. We usually write the equations of the normal in the form
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 which tells us that a direction vector for the normal line is the vector 
[image: image22.wmf](

)

.

1

),

,

(

),

,

(

2

1

-

b

a

f

b

a

f


Example 1

Find the tangent plane and normal line at the point 
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 on a sphere of radius 1 centred at the origin.

Now the equation is 
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 This defines z implicitly as a function of x and y, given by 
[image: image25.wmf],

1

2

2

y

x

z

-

-

±

=

 where the + sign corresponds to the upper hemisphere and the minus sign to the lower hemisphere. 

We can differentiate with respect to x keeping y constant using implicit differentiation to give 
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So at the point P 
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 provided 
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 Notice that 
[image: image30.wmf]0

=

c

 corresponds to points on the equator of the sphere, where tangent planes are vertical and so the partial derivatives are undefined. The equation of the tangent plane is therefore given by 
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 i.e. 
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 which simplifies as 
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The normal line has equations 
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 which simplifies to 
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[Remember throughout that 
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Example 2

Find the equation of the tangent plane and normal line to the surface with equation 
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At the point P we have 
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 We need the partial derivatives, so 
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 So the equation of the tangent plane is given by 
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 and the equations of the normal line are given by  
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 which simplifies to 
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