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MA101 Calculus - Outline Notes: Integration - Substitution

Using simple substitutions is a technique which is in the A-level core. There are a number of worked examples in section 5.6 in Adams, and we shall do a few more here. It is a technique which definitely improves with practice, and we shall return to it in a later section. 

The theoretical basis for the method is the chain rule for differentiation. Recall that the chain rule says that 
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 and since integration is the reverse of differentiation we can say that 
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Example 1

Find 
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The theory looks straightforward, but if we are presented with an integral like
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 we need to be able to discern what plays the role of  f  and what plays the role of g. What we need to do is to note the fact that the general integral expression 
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involves both g and its derivative. We therefore need to look for one part of the integrand which is the derivative on another part. In this example it is easy to see that we should take 
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 because we have 
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 and 
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 is present in the integral. We shall follow the notation of Example 3 on page 331 of Adams.

So we let 
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 We now substitute these expressions into the integral to obtain 
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The latter is an integral you should know how to do. If not, use another substitution, 
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 Naturally the answer has to be given in terms of the original variable x, so we have 
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Always check your answer by differentiation (using the chain rule in this case).

Example 2

Find  
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First notice that 
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is the natural one. We then have 
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Example 3

Find 
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In this case if we look for "one bit which is the derivative on another bit" we should see that the integral contains 
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 and its derivative 
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 We therefore use the substitution 
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 In the case of a definite integral like this we do not need to find the indefinite integral in terms of the initial variable x like we did in examples 1 and 2, because we can use the substitution to change the limits for x into limits for u. This works as follows:

When 
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We now perform the substitution, to give 
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Notice that to clarify the point about substituting the limits an expanded notation has been used, where the variable is indicated in the limits for clarity. This is not normally necessary when you get used to using substitution. It is a useful device when you meet integrals of functions of two variables in MA102 in semester 2.
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