CONTINUED FRACTIONS
SYMMETRIC CONTINUED FRACTIONS

Let [ag,...,a,]) =
Then

SR

Pn = QpPn-1+Pn-1 0< Prn—2 < Pn—1
Pn-1 = Qp_1Pp—2 + Pn—3 0< Pn—1 < Pn—2

D2 = agp1 + Po
p = aipo+1 (po = ao)

Po = agp.l
This is the Euclidean algorithm for (p,,p,—1)
So Pre = [ay, ..., a,]- the reverse of 2=
Pn .
Also

Gn = QpQn-1 1 Gn—2

Qn-1 = Gp-1Gn-—2+ qn—3
@ = aan+tlgp=1
@ = al
Again this is the Euclidean Algorithm so - = [a,, ..., a]
Now suppose we have a symmetric continuous function [ag, a1, as, . . ., as, ai, ao)
what can we say about the rational it gives rise to.

Theorem

A necessary and sufficient condition that an irreducible rational g (P>Q >
1) should have a symmetric continued function with an even number of a;’s
is that Q® + 1 should be divisible by P.

A necessary and sufficient condition that an irreducible rational g (P>Q >
1) should have a symmetric continued function with an odd number of a;’s
is that Q? — 1 should be divisible by P.

Proof

Necessity

Suppose g = lao, a1, ... a1, a0] = P* with n+1 entries. Since (P,Q) =1, P =
pn and Q) = ¢,,. Because of symmetry



Pn  Dn

qn Pn—1 ’
SO qn = Pn—1-
From the equation p,¢n_1 — Pn_1Gn = (—1)""! we have

Pgp-y = (q2)* = (=1)"""

Pgp-1 = Q+)(=1)""

so @Q* + (—1)"! is divisible by P.
Sufficiency

Suppose Q> + e =PQ e=+£1Q € N
Expand g as a continued fraction

r [ | b
— = |Qgy...,0n| = —
Q In
where n is chosen so that (—1)"' = e. This is possible because of the

ambiguity at the end of a finite continued fraction. Now (P,Q) = 1 so
P =p, Q= g, and 50 g; + ¢ = p,Q" also gupp1 + (=1)""" = pugns
Subtracting gives ¢, (¢n — Pn—1) = Pn(Q" — gn-1)

Hence ¢, — p,—1 is divisible by p, since (py,,¢,) = 1.

But p, > ¢, >0 and p, > p,_1 >0

SO Pn > |qn _pn—1|

So, since pn|¢n — Pn-1, Gn — Pn—1 =0

so B2 =Jag,...a,] = L=

qn Pn—1

but -2~ = [a,, ..., a]. So the continued fraction is symmetric.
Pn—1



