Question
State Lebesgue’s theorem on dominated convergence for a sequence of func-

tions {f,}.
The functions f(x,t) has the following properties:

i) f(z,t) is an integrable function of z, for each t;

ii) there is a function h(x) such that for each z, lim f(z,t) = h(x), where

a is a fixed real number;
iii) there is an integrable function g(x) with the property that, for each z,
there exists § > 0 such that for |t — a| < 0,
|fz, )] < g().

Use Lebesgue’s theorem to show that

lim f:ctdx—/h \dz.

Suppose that ¢(z,t) is an integrable function of z, for each ¢, and that the
partial derivative % exists for all x,t.
Suppose also that there is an integrable function ¢ (x) > 0 such that

d¢
%) < v
for all z. Prove that
d 0¢
a/gb(az,t)daj = /adx
If I(a) = /oo r%e "dx, a >0,
0

show that

I{a)=T(a+1) = (a+ 1)I'(a).



Answer

Lebesgue’s theorem on dominated convergence states that if {f,} is a se-
quence of measurable functions with the property that |f,,(z)| < g(z) for all
n,z where g(x) is integrable, and if f,(z) — f(x) as n — oo for all x, then

f is integrable, and T}Lngo/fn(x)dx = /f(x)dm

Let {t,(z)} be an arbitrary sequence of real numbers satisfying |t, —a| < ()
and converging to a.

Let fu(z) = f(2,tn(x))
Then |f,(z)] < g(x) for all .

Thus JLIrolo/f(x,tn)dm = /h(x)dx by Lebesgue’s theorem.

Hence tlgglo/f(x t)dx —/h(:c)da:

Now let ®(t) = [ ¢(x, t)d
O(t+ h) — P(t)

Consider

h
¢z, t+ h) — o(x,t)

w:/xwmm

h
Now X (z,h) — ?;tb as h — 0
Thus there exists  such that for all A satisfying 0 < |h| < 0,
9¢
X(x,h) — —
X n - 5 | <

Thus for all h szatisfying 0 < |h| < d, we have
99

el < 5] |+ 0te) <2000

Since v is integrable 21) is integrable and so the above result shows that

lim/Xxhda::/?
ie. —/(ba:t x—/—daz

I(«) —/ r%e Tdx
0

« —117) —Z

a—a(x e ") =x%logx)e

1, 1 1
= 2%(logz)e"2%e 2% < 727 for x > x
: 1
since z%(log x)e 2% — 0 as & — o0
1
also x*(log z)e 2" — 0 as * — 0 and so



lz*(log z)e 27| < 1if 0 < x < 1.

Thus if
1 O<ze <z
W(z) =< |z*(logz)e 2% 21 <z < x5
e~ 2? T > X9
0 _ -
a—(xae ?)| < 4(x) and 1) is integrable,
a
< 0
thus () = [~ - (a%
us I'(a) o 9o (%)

(a+1)I'(a) = /0 (a+ 1)z*(log x)e *dx

— [xa-i-l(logw)e—x}oo _/ .fCOH_l
0 0
:/ xo‘“(logx)e’xd:c—/ e " dx
0

=I'(a+1)—I(a)
Hence I(a) = I'(a+1) — (o + 1) ()

1
e "= — (logz)e ™| dx
T




