Question

State which of the following PDEs are elliptic, which are hyperbolic and
which are parabolic. Try to find the equations of the characteristics where
these are real.

(a) Ugpy + 3uyy + Uy, = 2u + 22y?
(b) Yz + (T 4+ y)tsy + Ty, =0
(€) 2*Ugp — YPuy, = xy

(d) 72Uy + Ugy

(e) v [F(r)v g

(f) (T — 2) Uy + Ty +1up = 0

Answer

(a) This is an inhomogeneous type with d of th electure notes given as
d=2u+ x> — 9>

However a, b, c are given by
3
a=1, b= 2 ¢ = 1 = hyperbolic everywhere

Characteristics are given by constant coefficient results,

£ = +[‘3+“5 v
(259,

or
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yz( 2\/_>:c—i—const

. (3 +2x/5

> T + const

Note we can solve the homogeneous equation simply as

Uhomogeneous (SC, y) = p(g) + Q(77)



with &, n above, but complete solution is:

U = Uhomogeneous + Uparticular integral
(b) a=y, b= (x;y), c=x
2 _ 2
bz_aﬁ@_w: (%) >0

So hyperbolic except where © = y where it’s parabolic.

For y # x characteristics are given by:

adz® + 2bdx dy + cdy* = 0

= ydr® + (z+y)dzdy + zdy* =0

=
dfg/ B b+ Vb —ac
de a
T — )2
_ (x—i—y)j: (z—y)
2y 2y
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= 2—y[%+yi(fv—y)]
= z01"1
Y
Yy dy
erefore Ir or iy

=y = x + const or y* — 2% = const
PICTURE



Note that the two families of characteristics become parallel on y = x
where equation is parabolic.

(c) a=2% b=0, c=—y? inhomogeneous
W —ac=0+2%2>0foralla #0, y#0

Characteristics are:

d_y_bi\/bQ—ac_ Ty Y

dx a 2 x

d d
_dy_y dy _ oy

de = dr =z
= Iny =Inkz, Iny = — In(zk)

k =
= y = kx, — where k and k are constants
x

PICTURE

parallel when y =0 or z = 0 i.e., when parabolic

(d) Uy, + ugg = “a’u,
The “d” is irrelevant to classification
a=1r0b=0c=1
b? — ac = —r? < 0 — elliptic r # 0, parabolic r = 0

No real characteristics for elliptic case

Parabolic case: d—g = 0= r = const



(e)
V- Frvel = f(r)vie
= F(r)(¢ez + dyy)
50 if F(r)(¢pus + ¢yy) = 0 it’s elliptic everywhere except where F(r) =0
(a=F(r), b=0, c=F(r), b*> —ac= —F(r)? < 0)
f) a=x(r—x), b=0, c=0

(only second order derivatives count)

so b> —ac =0 for all z, ¢

dt
Thus parabolic with P 0 =1t =const
x



