
Exam Question

Topic: LaplaceODE

Find the solution of the differential equation

y′′ − y′ − 2y = f(x),

where

f(x) =

{

1 if 0 ≤ x ≤ 2;
0 otherwise,

and where y(0) = y′(0) = 0.

Solution

Using the Heaviside function we can write f(x) = 1−H(x− 2).
Transforming the differential equation gives

y′′ − y′ − 2y = 1−H(x− 2)

p2ȳ = pȳ − 2ȳ =
1

p

(

1− e−2p

)

Rearranging this equation gives

ȳ =
1

p(p− 2)(p + 1)

(

1− e−2p

)

=

(

−
1

2p
+

1

6(p− 2)
+

1

3(p + 1)

)

(

1− e−2p

)

So y = −
1

2
+

e2x

6
+

e−x

3
+

(

−
1

2
+

e2(x−2)

6
+

e−(x−2)

3

)

H(x− 2).
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